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Abstract

Many socially important behaviors—voting, protest, donations—pose a classic collective-
action puzzle: people take these actions despite the individual cost. Empirical evidence
shows that adoption is contagious: one person’s adoption raises adoption among those
connected to her in a social network. Individuals, in turn, appear to act with this in mind,
anticipating the causal effect of their action on others’ subsequent behavior. We formalize
this notion of strategic influence in a diffusion game on a sparse random network. Strategic
influence drives three results. First, costly prosocial behavior can be sustained in equi-
librium at non-trivial levels. Second, where prosocial behavior spreads widely it acts as
a strategic substitute, while where it spreads narrowly, it acts as a strategic complement.
Third, antisocial behavior emerges discontinuously and spreads both further and faster
than prosocial behavior does. Our model identifies two policy levers—network density
and the perceived reach of spillovers—for encouraging prosocial behaviors and inhibiting

antisocial ones.
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1 Introduction

Many socially important behaviors pose a classic collective-action puzzle: individuals vote,
protest, donate, volunteer, contribute to public goods, and produce public knowledge even
when the perceived direct material payoff to any one actor is small relative to the private
cost[] A large body of empirical work documents one important feature of these behaviors:
they are contagious—one person’s adoption raises adoption among those connected to her, so
that a single action can spread through a social network | Individuals, in turn, appear to act
with this in mind: they anticipate the effect their own action may have on others’ subsequent

behavior—their influence—and adjust accordinglyf]

In this paper, we formalize this notion of strategic influence within a diffusion game (Sadler,
2020) on a sparse random network, and characterize how it shapes the diffusion of social be-
haviors. Strategic influence drives three key results. First, costly prosocial behavior can be
sustained in equilibrium at non-trivial levels, offering one account of how such cooperation can
persist despite the free-rider problem. Second, where prosocial behavior does spread widely,
it behaves as a strategic substitute, while where it spreads narrowly, it behaves as a strategic
complement. Third, antisocial behavior, by contrast, emerges abruptly and spreads both further

and faster than prosocial behavior does/]]

We consider a setting in which an individual’s utility is linear in their own adoption and in the
adoption of others. For a prosocial behavior, adopting is privately costly but confers a benefit
on others that is discounted by their distance in the network; for an antisocial behavior the
signs reverse, so that adopting is privately beneficial but harms others. A single “seed” adopts
first, and every other individual has the opportunity to act only after observing a network
neighbor who has adopted. Because the opportunity to adopt diffuses through the network
in this manner, an individual’s decision is strategic: it depends on the discounted number of

subsequent adoptions that her own action is expected to generate—what we call her influence.

1See, e.g., Olson| (1965)), |Chwe, (1999, [2000), Eubank and Kronick (2021) and Enikolopov et al.| (2026) on
collective action, voting, protest, charitable giving and [Roberts et al.| (2006) and [Fershtman and Gandal| (2011))
on open-source/public knowledge production.

2Peer spillovers and contagion have been documented in blood donation (Bruhin et al., [2020; [Schroder et al.,
2023)), voter mobilization (Nickerson, 2008} [Bond et al., 2012)), and protest participation through social networks
(Bursztyn et al, 2021} Myers| [2000). Myers and Przybysz| (2010]) characterize such diffusion as “a rational form
of inter-actor influence” in which “potential actors observe and evaluate the outcomes of others’ behaviours, and
then make a decision for themselves about whether or not to adopt the behaviour.”

31n leader-follower public-good experiments, individuals contribute more when they move first and are ob-
served by later movers than in an otherwise identical simultaneous game, consistent with agents anticipating
their influence on others (Arbak and Villeval, [2013; [Dannenberg) 2015). These two-stage games isolate the
strategic ingredient we build on but are not direct tests of our model, which embeds influence in a large-network
diffusion process.

4This finding is consistent with field evidence on the contagious spread of antisocial behavior (Keizer et al.|
2008; [Ferrali, [2026)).



Influence is an equilibrium quantity, since it depends on whether others, once exposed, choose
to adopt. Random-graph techniques then yield a sharp characterization of influence, and of the

model’s equilibria, as a function of the density of the underlying network.

In equilibrium, the individuals who would adopt if exposed form a network of potential adopters.
Central to our analysis is whether the potential adopter network contains a giant component:
a component containing a strictly positive fraction of the population in the limit of a large
network. This can occur only if the network among all agents—mnot just potential adopters—
has a giant component. When equilibrium behavior is sustained in such a component, we
call the equilibrium wviral, since adoption then grows exponentially from any seed within itE]
Propositions 3| and |4] characterize the symmetric prosocial and antisocial equilibria as a function
of the network’s density. Importantly, the two types of behaviors go viral at different levels of
network connectivity. When the underlying network is too sparse to contain a giant component,
all equilibria are nonviral (containing a vanishing fraction of agents in the limit of a large
network). At the critical density where a giant component first appears, a viral full-adoption
equilibrium emerges for the prosocial behavior but not the antisocial one: when everyone else
adopts, influence is at its highest, and since influence raises the payoff to a prosocial act but
lowers it for an antisocial one, full adoption is a best response only in the prosocial case. In fact,
at the critical density the unique equilibrium in antisocial behaviors is nonviral. As the network
grows denser, influence falls; beyond a second, higher threshold, full adoption is no longer a
best response for the prosocial behavior (though a mixed-strategy viral equilibrium survives),
while the antisocial behavior now sustains a full-adoption viral equilibrium of its own. In this
sense, viral antisocial behavior emerges discontinuously while viral prosocial behavior emerges

continuously.

At the heart of the model is a tension between local exposure and global redundancy: more
connections give an individual more direct opportunities to influence others, but also create
alternative paths through which behavior can spread, reducing any one individual’s pivotality
for downstream adoption. Conditional on others adopting, the local exposure channel dominates
and increases influence when no giant component exists in the underlying network. However,
once a giant component emerges, the global redundancy channel becomes dominant, thereby

reducing influence as connectivity increases further.

Our results provide three insights into the prevalence, efficiency, and strategic nature of proso-
cial and antisocial behaviors. First, a sufficient condition for a viral prosocial equilibrium is
the presence of a giant component in the underlying network, so any well-connected population

supports widespread prosocial diffusion, whereas viral antisocial behavior can only be sustained

5This terminology is also used by Sadler| (2020).



at higher connectivity. Beyond that higher threshold, antisocial diffusion overtakes prosocial
diffusion: the antisocial cascade expands toward full adoption as density grows, while the proso-
cial cascade shrinks toward zero. Second, although total adoption may be widespread, it is
necessarily inefficient: for prosocial behaviors, total adoption is bounded by the network’s con-
nectivity in full-adoption equilibria and by strategic mixing in dense networks. We show that
there is a unique finite network density that maximizes the diffusion of prosocial behaviors,
and remarkably, that same density holds antisocial behavior below its viral threshold—so a
planner who can shape connectivity has a single lever that promotes prosocial diffusion while
suppressing antisocial diffusion. Third, the local complementarity generated by our simple dif-
fusion process aggregates into opposite strategic incentives: viral prosocial behavior becomes a

strategic substitute, whereas viral antisocial behavior becomes a strategic complement.

1.1 Related Literature

Closest to us is the work of Sadler| (2020, 2025). [Sadler| (2020)) develops a general class of
“diffusion games” with strategic complementarities between direct neighbors, and highlights the
role of the giant component. We instead study global (indirect) externalities: an agent’s utility
depends on the total number of adopters in the network, regardless of distance, so adoption need
not be complementaryﬂ Sadler| (2025) introduces a seed multiplier in multi-type configuration
networks to study optimal seeding. Our notion of influence plays an analogous role at the
individual level and allows us to show how complementarity and substitutability differ around
the viral threshold. Our emphasis on the asymmetry between prosocial versus antisocial diffusion

is also new to this literature.

Strategic influence. Our model formalizes a notion of strategic influence—that agents act with
anticipation of the downstream effect of their action on others. Our notion extends [Bénabou
et al.| (2020), whose model captures only the local effect of connectivity: more connections pro-
vide more potential observers of an agent’s action and therefore more influence. Our contribution
is to characterize how influence shapes behavior in large diffusion processes that involve both
local and global effects, and to show that the global effect acts to reduce influence. Empirically,
strategic influence has antecedents in the leader-follower public-goods literature. |Dannenberg
(2015) study a public-good game where subjects who act first (leaders) and whose choice is
observed by others (followers) contribute more than subjects in a simultaneous choice setting.
Arbak and Villeval (2013) study a setting in which subjects can volunteer to contribute first
and be observed by later movers; about a quarter of participants do so, and these voluntary

leaders contribute substantially more than self-selected followers. Moreover, individuals who

5Tn Sadler| (2020), adoption externalities only arise when a person also adopts. Hence, the number of adopting
neighbors when an individual does not adopt is an irrelevant strategic consideration.



volunteered to lead but who were randomly reassigned to be followers tend to reduce their
contribution, which the authors interpret as a strategic motive: individuals anticipate follower-
reciprocation. These experiments provide evidence that agents anticipate, and act on, the

influence their actions may have on others.

Network games and diffusion. Our framework differs from the large literature on games
on fized networks, where links between players typically represent a direct strategic externality
(see | Jackson and Zenou| [2015; Bramoullé and Kranton) [2016} |Jackson et al., 2017, for reviews).

In our model, connections are for observation, while externalities are global. Many papers in
this literature study games of strategic complements, often in the form of threshold models—
where the incentive to take action 1 rises with the fraction of neighbors doing so (Granovetter]
1978} [Schelling), 1978}, [Blume, [1993; [Ellisonl, (1993 Morris, 2000; Brock and Durlauf], 2001} Leister]
et al., [2022; |Langtry et al., 2024). Unlike these papers, the presence of global externalities in

our model rules out any neighbor-threshold rule—decision turn on the expected global impact.
Strategic substitutes have been considered in the form of privately provided public goods—a
type of prosocial behavior (Bramoullé and Kranton| [2007; [Allouch| [2015] 2017) ['] Work allowing

both strategic complements and substitutes with continuous actions includes Ballester et al.

(2006)); Bramoullé et al| (2014). These papers are similar to ours, but by working with random

graphs, we are able to leverage the regularities that emerge in the limit of a large population.

Our use of random graphs and phase transitions relates to work that applies these tools to
diffusion in economics (e.g., Watts, [2002; |Campbell, [2013; |Akbarpour et al.| [2023; Langtry,
2023; |Campbell et al,[2024}; Dasarathal, 2023) f| Our binary-action environment is also connected
to threshold models on random graphs (Jackson and Yariv, |2005; |[Lopez-Pintadol 2006, 2008;
Jackson and Yariv}, 2007, 2011; Jackson and Loépez-Pintado, 2013} |(Campbell et al., [2026) and

to the broader literature on complex contagion (Centola and Macy, [2007)), in which an agent

adopts only when enough of his network neighbors have done so (see, e.g.|Langtry and Thornton),

for a model similar in spirit to ours). Such models generate strategic complementarity—
but never strategic substitutability—by construction. Our model, by contrast, involves a local
complementarity through the simple contagion in the diffusion game—a single adopting neighbor
suffices to trigger an opportunity to act—and obtains both complementarity and substitutability
endogenously from the interaction of strategic influence with the global externality structure
of agents’ payoffs. Our novel definition of influence and conceptual focus on the asymmetry

between prosocial and antisocial behaviors also separates us from these literatures.

7IElliott and Golub| (I2019[) study public goods in observational networks with global positive externalities;
their main results are nonparametric and do not commit to substitutes or complements.

8For an overview, see Newman et al.| (2001); [Kleinberg| (2007); [Vega-Redondol| (2007); |Jackson! (2008)); Easley]
land Kleinberg| (2010).




Collective action. The literature on collective action typically assumes either strategic com-
plementarity, or strategic substitutability, but not both. For example, in the context of protests
one view is that turnout lowers costs or raises the value of participation (e.g., Kuran, [1989;
Chwe, 2000; Edmond| [2013)), while another is that turnout creates incentives for free-riding
(e.g., |Olson, 1965} |Palfrey and Rosenthal, [1984; [Shadmehr and Bernhardt, 2011). Our model
endogenizes which force dominates by tying it to network density via influence, showing how the
same collective action can be a complement in sparse (subcritical) environments yet a substitute
in dense (supercritical) ones. While most collective-action models abstract from networked dif-
fusion (Chwe, 2000|is an exception), we show precisely how the network environment mediates

strategic incentives.

The remainder of the paper proceeds as follows. Section [2| presents the benchmark model.
Section 3| characterizes influence. Section [4| provides the equilibrium analysis and welfare /policy

implications. Section [5] offers generalizations, and Section [6] concludes.

2 The Model

2.1 Outline

In this section, we present a model of diffusion on an Erdos-Rényi random graph. We extend
our model to graphs with an arbitrary degree distribution in Section [5.1] but the qualitative
insights of our model remain the same as in this foundational case. Let {G(n,p)}.en be a
sequence of Erdés-Rényi (or binomial) random graphs, where p = p(n) = % for some \ > 0.
We endow {G(n,p)}nen with the structure of a game G™ = (G(n,p), A, u) as follows. Each
vertex ¢ € {1,...,n} represents an agent, and each agent faces a binary adoption decision

a; € A={0,1} and obtains utility u. If player i chooses action 1, we say that ¢ is an adopterﬂ

The game G™ is played over n+ 1 time periods ¢. Denote by a;(t) the action of player i at time

t. At t =0, every player has action a;(0) = 0. At ¢t = 1, nature makes three moves:

1. First, nature draws a graph G = G(n, p) by including each possible edge independently
with probability p.

2. Second, nature chooses a “seed” uniformly at random and,

3. Third, the seed adopts the prosocial or antisocial behavior 5 € {+, —}m

9This model along with its more general analogue are similar to that of a single-type diffusion game (Sadler,
2020). Sadler’s framework offers a convenient way to analyze the role of influence in the diffusion of behaviors.
YOne can think of the seed as a non-strategic individual who exogenously wishes to engage in the behavior.



For all t > 2, neighbors of an adopter in the previous period are exposed and make a once and
for all decision to adopt or not. Hence, the adoption decision occurs when an agent is first
exposed to the behavior, but not again if they are exposed by a different neighbor in the future.

As such, we often write a; rather than a;(t) for the action ¢ would take upon exposure.

2.2 Payoffs

At the end of the game, an agent i’s payoff is a function of their own action a; and the actions
a_; of the other agents in the network. The utility that agent i receives places a larger weight
on the actions of those close to ¢ in the network. Let ¢;; denote the length of the shortest path
from i to j (or +oo if no such path exists) and let § € (0,1) be a common decay factor["] The
decay factor 6 captures how local-versus-global spillovers are: higher values of § correspond to
spillovers from actions that are more far—reaching.E While our results are robust to alternative
utility specifications (as we discuss in Appendix [F.1.1)), for our main analysis we specify agent

1’s utility as:

externality

——

Wom + v v, it
v—cl)a; + v Ya;, L=+
Uﬁ(@z‘,a_z‘) = ji ! <1)

(c—v)ai— v 4 Siia;, if B=—,

intrinsic cost

where v captures the common value to all agents from each one of them who adopts and ¢ > v
(¢ < w) is the private cost (benefit) to an individual from adopting a prosocial (antisocial)
behavior 3. One can also interpret v as capturing a first-order approximation of the marginal
increase in “better” expected outcomes when adoption affects the realization of probabilistic
eventsE An agent’s utility can be written as a combination of an intrinsic payoff from the
action and an externality from the actions of others. We assume that the intrinsic payoff has
the opposite sign to the externality; hence, the intrinsic payoff is negative (positive) in the case

of a prosocial (antisocial) behavior.

"1 The introduction of a discount factor is motivated by many real-world settings where spillovers decrease
with geographical distance. For instance, the negative effects of violence or the mobilizing effect of a protest are
strongest on those geographically or socially proximate. Empirical evidence documents that these and similar
behaviors exhibit contagion, e.g. Myers (2000); Keizer et al.| (2008).

12 A special case arises when § = 1, which we discuss in Online Appendix

13We thank an anonymous reviewer for highlighting this interpretation.



2.3 Strategies

We make a number of simplifying assumptions about the information set available to a player
at the time when they are first exposed, and we discuss how one would relax the most crucial
of these assumptions in Appendix [F.1.3] First, agents do not know their degree but believe
correctly that it is distributed according to a binomial distribution with parameter p = \/n.
Second, they know that at least one of their neighbors has chosen to adopt but do not know
which ones. Third, they do not know exactly how much time has passed since the seed adopted
and therefore the calendar time ¢ at which they act. These guarantee that each agent acts at
a single information set which we denote by h; (i € {1,...,n}), all agents are symmetrically
informed at the moment each acts, and each agent i’s strategy may be characterized by a
(potentially mixed) strategy over a single action o; = P(a; = 1) € [0,1]. The strategy o;
represents the probability that agent i takes the action if they are exposed. We confine our
attention to symmetric equilibria, that is, where all players play the same strategy o = o* for

all 7.

2.4 Influence

For any agent i (adopter or otherwise), we can consider the random number of other agents who
adopt if ¢ were to adopt, but do not have the opportunity to adopt otherwise (i.e., the information
set where those agents have the opportunity to take an action is not reached). This is what we
refer to as an agent ¢’s influence: the number of agents that agent i causes to adopt by choosing
a; = 1, discounted by their distance from i. Consider the example in Figures [I] and [2| which
shows the connected component containing the seed in a potential adopter network. The seed
is colored blue, agents colored black have zero influence, and agents colored green have nonzero
influence over the agents colored red that pass through the green node on all paths back to the
seedPE] In this example, if any of the green colored nodes chose to not adopt, then the red nodes
over which they have influence would become disconnected from the component containing the
seed. In total, the reduction in the number of individuals adopting would be equal to the green
node plus the red nodes that become disconnected from the seed when the green node does not
adopt. Furthermore, to illustrate how fewer network links may increase the influence of agents,
consider how influence changes after removing the links associated with a single vertex (as we
do in Figure . In Figure , the first green node to the right of the seed has influence over only
a single agent. This is because the other node adjacent to it is on an alternate path between
the green node and the seed. But once we remove the second path, we increase the influence of

this agent from 1 to 3. This is an example of what we earlier referred to as the global effect of

14Some of the red nodes also have nonzero influence, but for illustration we are focusing on the neighbors of
the seed.



density: decreasing the connectivity of a graph can increase the influence of agents within that
graph. This happens precisely because removing links may disconnect loops thereby increasing

the influence of agents on those loops. This idea is formalized in Proposition [2|

Figure 1: Influence Figure 2: Removing a node

In expectation, the number of agents over which ¢ has influence depends on the strategy o which
1 expects others to play, and on the structure of the network. We write EM for an expectatlon
taken in Q assuming players follow the strategy o, and we define E, = lim,,_, E Slmllarly,
define E to be an expectation taken in G(™ over the degree distribution D,, = Bln(n p), and
define ED as its limit, where D = Po(A)—the Poisson distribution. We then define I/(\n)( ) and
Z)(o) (read “the expected influence under ¢”) by

7" (0) = B |EW> " 6%ajla; = 1, k) — B[ 6%asla; = 0, hi]] ., and (2)
JF# JF#
Ii(o )_nlggoz (o) B, > 6%ajla; = 1,hi] — Eo[Y 6" as|a; = 0 h]] (3)
J#i Jj#

Suppose all players are playing strategy . We normalize the utility of not adopting to 0 and we
denote the expected change in utility from adopting by u(ﬂn)(a) =EW [ug(l,a_;) —up(0,a_;)],
and ug(co) in the limit as n — oo.lﬂ Now, using the notation in and the utility function ,
we can write the expected difference in utility to an agent from adopting a; = 1 versus not

adopting a; = 0 at the information set where they have the opportunity to act—in particular,

15The expectation here is taken over a given fixed graph so that influence is well defined.



when they hold imperfect information about the graph—as:

v—c+vIM(0), B=+
c—v—vL, (o), f=—.

Observe that our definition of (expected) influence Z, (o) captures the causal effect of adoption
on others’ adoption—that is, the expected influence of agent i is the (random, discounted)

number of other agents who adopt if ¢« adopts but would not adopt otherwise.

3 Analysis

3.1 Existence of Equilibrium

A symmetric perfect Bayesian equilibrium in the game G™ is a strategy o* € [0, 1] satisfying:

of=1 = E(D"j [uén)(a*)] >0

o€ (0,1) = Egﬁ[u(ﬁn)(a*)] =0
(

0

ocf=0 = Eg;)[uﬁn)(a*)] <

and beliefs over nodes in the extensive form where an agent is exposed under the strategy o*
that are consistent with nature’s choice of a random graph with degree distribution D,,. Beliefs
are only payoff relevant for determining the expected influence of each agent and, given the
symmetry of our game, this will be identical for each agent. It will be convenient to avoid
specifying the beliefs themselves and rather specify the calculation of expected influence as a
function of o* and D,, with the understanding this is through a set of beliefs formed via Bayes

rule for each agent. The calculation of influence in the finite n case is discussed in Online
Appendix [B]

Proposition 1. There exists a symmetric perfect Bayesian equilibrium in the game G™.
We now focus on symmetric equilibria in the limit as n — oo.

Definition 1. Let o’ and o be strategies. We say that o’ is a limit best-reply to o, if

lim E [u(ﬁn)(ﬂ)] > 0 whenever o’ =1,

n

n—oo

lim Egl) [u(ﬁn)(a)] = 0 whenever o’ € (0,1), and
n—00 "

lim Egb) [u(ﬁn)(a)] < 0 whenever o’ = 0.

n—r00 n

10



The strategy o’ is a limit equilibrium if o’ is a limit best-reply to itself.

A limit equilibrium is an epsilon-equilibrium for any € > 0 and all sufficiently large n. Further-
more, we show in Online Appendix [D] that generically any limit equilibrium can be found as a

limit of a sequence of symmetric perfect Bayesian equilibria as n — oo in the finite player game

G,

3.2 Potential Adopter Network

In a symmetric equilibrium, all potential adopters are determined by the realization of their
strategy o*. Following the realization of the graph G(n, p), one can imagine realizing n indepen-
dent Bernoulli random variables with parameter o*, one for every individual in the network. The
realization of these variables establishes the subgraph of G containing all “potential adopters”,
which we call the potential adopter network[' The location of the seed determines who actually
adopts. The number of adopters is determined by the size of the component containing the
seed in the potential adopter network. Hence, central to our analysis will be the component
structure of the potential adopter network, which itself is a random graph with independent

edge probabilities op.

At this point, we need to introduce the notion of a giant component in a random graph. A classic
result of [Erdés and Rényi (1959)) is the phase transition in the size of the largest component in
G(n,A/n) around A = 1. The result states that as n — oo,

1. Sub-critical region A < 1, with high probability the largest component of G(n, A\/n) has a

size which is at most clog(n) for some constant c.

2. Super-critical region A > 1, with high probability the largest component of G(n,A/n)
contains a fraction ¢n of the vertices for some constant ¢. Moreover, the second largest

component has a size which is at most clog(n) for some constant c.

A component that contains a constant fraction of vertices is called a giant component. The
above result states that the binomial random graph contains a giant component (with high
probability) if and only if A > 1. Moreover, when it exists the giant component is unique.

Similarly, the potential adopter network contains a giant component if and only if Ao > 1.

Our analysis is concerned with the limit of large networks i.e., where n — oco. In this limit, it is
well known that the Erdés-Rényi random graph G(n, A/n) converges locally in probability to a
Poisson branching process with mean offspring A (Van der Hofstad} 2023b, see, e.g., Thm 2.18).E]

16This is commonly known as the site-percolation network in random-graph theory.
1"We describe Poisson branching processes in more detail in Online Appendix

11



In the case where A < 1, the process stops with probability 1; however, in the case where A > 1,
there is a non-zero probability the process never goes extinct. Hence when A > 1, there are two
potential outcomes of following a randomly chosen link to one of its ends in the Erdos-Rényi
random graph and finding all subsequent connected nodes. The first outcome is that the link
leads to a component with a finite expected number of people. This occurs with probability p,
(called the extinction probability). The second outcome is that the link leads to an infinite path
(as n — 00) that connects to the giant component. This outcome occurs with probability 1— p,
(the survival probability)F_gI An individual with d connections has d independent realizations of
these events (following a randomly chosen link to one of its ends). If any one of these connections
leads to the giant component, then the individual is also part of it. Hence, the probability this
person is in the giant component is 1 — p¢. Moreover, conditional on this event (at least one
connection leads to the giant component), the distribution of extinction events over the d — 1
remaining connections is given by Bin(d — 1, p,). In our potential adopter network, it is well

known that the extinction probability p, is given by the smallest positive solution to:
Po = ef)\g(l—p(,). (5)

Finally, the expected number of people reached by following a link and conditioning on extinction

: 1 19
18 1-XAops l

3.3 Inference and Calculation of Influence

The total number of adopters in an equilibrium corresponds to the number of people in the same
component as the seed in the potential adopter network. The expected influence in equilibrium
corresponds to the expected discounted number of individuals that are connected to—versus
disconnected from—the seed’s component when an individual does versus does not adopt. In
our model, exposure conveys information about an individual’s network component, namely that
the individual belongs to the same component as the seed. This is informative of an agent’s
expected influence. In the finite network case, this inference is complicated and intractable.
However, a consequence of local convergence of the random graph to a branching process in

large networks is that the expected influence converges to a particularly simple form.

To compute the expected influence of an arbitrary agent ¢, we partition the other agents in i’s
component into those in the forward components found through each of an i’s linksP? This

construction means that agent 7 is essential for constructing a path between agents in different

18See [Van der Hofstad [2023b, Thm 2.28 and its application to Erdés-Rényi random graphs Thm 2.34. For an
arbitrary degree distribution in the configuration model see also Thm 4.9 and the discussion thereafter.

9 This follows from [Van der Hofstad|2023a, Thm 3.5 and Thm 3.15.

200f course, some links may result in the same forward component in which case only a single copy is maintained
in the partition; hence, there may be fewer forward components created than an agent has links.

12



elements of the forward component partition. In the limit of a large random graph, these
forward components (and an individual’s component) are random objects and, as discussed

earlier, characterized by a Poisson branching process.

First, consider an equilibrium in which A\e* < 1 (the sub-critical region). Each forward com-
ponent of an individual is finite with probability 1 and independent of each other. Hence, the
probability an individual with d friends is in the same component as the seed is in proportion
to their connectivity. Conditional on exposure, the updated probability of having d friends is
Pr(d|hi, A\o* < 1) = <24 where {py}a>0 are the prior probabilities. Furthermore, when {pg}aso

- X dpa
is Poisson then it is well known that E[d|h;, A\d* < 1] = Ao* 4+ 1. Upon exposure an individual

forms an expectation over the forward components found via following each one of its links ex-
cluding the link through which it was exposed. These components are independent realizations
of a Poisson branching process with mean offspring Ao* where the extinction probability p, is
equal to 1. The expected influence of this individual is equal to their discounted expected num-
ber of neighbors dE[d — 1|h;, A\o* < 1] = dAc™* times the discounted expected forward component
size given by (1 + dAa* + (6Ac*)2 +...) = ﬁﬂ and hence expected influence is:

. Ao*6
(") = T 08 (6)
when \o* < 1.

Second, consider an equilibrium where A\o* > 1 (the super-critical region). In the super-critical
region, the network of potential adopters contains a unique giant component and upon exposure
an agent believes, almost surely, that they are in the giant component@ In this case an agent
updates their beliefs to reflect that their number of links follows the distribution of neighbors
for individuals in the giant component, which is given by Pr(d = k|h;, \d* > 1) = pkl(l_;mi;*).
Conditional on this event (at least one connection leads to the giant component) the remaining
d — 1 links are either connected to finite forward components (this occurs with probability p,«)
or connected to a forward component containing everyone in the giant component other than
the people contained in ¢’s finite forward components (this occurs with probability 1 — pg«).
We call this forward component the giant forward component. Therefore, i’s partition of the
giant component consists of the giant forward component and the number of successes of d — 1

independent realizations of Bernoulli(p,~) random variables, one for each potential finite forward

2l Exposure is informative of the size of component found via following the exposure link but, in the sub-critical
region, these beliefs do not affect the calculation of expected influence Zy (o).

22The giant component contains a positive fraction of the population as n — oo whereas the expected size of
all other components — 0. Hence, the probability of being in the same component as the seed is vanishing in
the limit n — oo for all components other than the giant component.

Z3This is termed “viral” inference in Sadler| (2020).
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component. The probability that the seed is in any one of these forward components is of
course dominated (Pr — 1) by the giant forward component and vanishing (Pr — 0) for the
finite components@ The calculation of expected influence when the seed is in the giant forward
component is simply the expected discounted number of people in the remaining finite forward

SNT* p

components of the partition; this is given by = vy 1=A0" po-

— 5pa*m, where the first term is
nearly identical to @ and the second term is a correction that occurs due to agents’ updating

about their expected degree given that they are in the giant component.
We summarize our calculation of influence for both cases in following lemma.

Lemma 1. The expected influence function Z)(o): [0,1] — R is given by

o .
Lio—{ro o Tesl @
175(;\?;0 - 5p01:5/\‘;’;"0 if Ao >1

where p, 15 as in (@ In particular, Z)(o) is continuous@

We further characterize how influence changes with agents’ adoption probability ¢ and network

density A in the following proposition.

Proposition 2. Let o € [0,1] be any strategy.
1. If o is nonviral, then I)(o) is strictly increasing in o and strictly increasing in \.
2. If o is viral, then I)(0) is strictly decreasing in o and strictly decreasing in \.

Figure [3] captures the main idea behind Proposition [2| which is a key comparative static result

for our analysis.

In the sub-critical region, influence reaches its maximum of /(1 — §) at the point where the
giant component emerges (Ac = 1). Beyond this point it is decreasing as the giant component
grows. This illustrates one of the consequences of Proposition [2 and a key contribution of
our model: that adoption is a strategic complement when the graph is sparse, and a strategic
substitute when it is dense. We revisit this prediction in Section .1 where we relate it to field

evidence on protest participation.

24To be precise, we show in the proof of Lemma (found in Appendix [7.10) that the event where the seed is
in a finite forward component contributes negligibly to influence.
25In fact, it is easily shown that Z) (o) is an analytic function at every point other than where Ao = 1.
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Figure 3: Expected influence is increasing when the network is sparse (Ao < 1) and decreasing
when the network is dense (Ao > 1).

4 Results

We analyze the behavior of expected influence as a function of the network density and proceed
to fully characterize symmetric equilibria for prosocial and antisocial behaviors. Furthermore, we
will be interested in the structure of the potential adopter network induced by an equilibrium
strategy. We call a strategy wviral if it induces a giant component in the potential adopter
network, and nonwviral otherwise. For expositional simplicity, we will focus throughout on the
case where ¢ is sufficiently large, in particular, § > 1 — %m In our setting, there are four types

of symmetric equilibria:
1. No-adoption (¢* = 0)
2. Viral or Nonviral full-adoption (¢* = 1)
3. Nonviral mixed (¢* € (0,1), Ao* < 1)
4. Viral mixed (o* € (0,1), Ao* > 1)

All four types of equilibria can arise depending on the structure of the underlying graph (as
determined by \). Clearly there can not be a viral equilibrium when the underlying graph does
not contain a giant component (A < 1). We will show that there exists a critical value of )\%ﬁt
that separates regions where viral equilibria exist (A > )\g"”) from those where they do not

(A < )\g”t). There is a stark contrast between the transition from nonviral to viral equilibria

26When 6 < 1 — 2, the utility from taking the action is always negative (positive) for prosocial (antisocial)
behaviors and so the analysis is trivial— there is a unique equilibrium.

2"When o = 1, the potential adopter network is all of G(n,p). Hence the full-adoption equilibrium is viral if
and only if A > 1.
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around this threshold for prosocial behaviors when compared to antisocial ones. To this end,
define C4 g(\) as the fraction of agents (in the limit as n — oo) in the largest component of
the potential adopter network, in the largest equilibrium of the game with prosocial behaviors
(8 = +) or antisocial behaviors (8 = —). We will be interested in whether the fraction of agents
who adopt in the largest equilibrium goes to zero or a limit bounded away from zero as the

density approaches the critical density from above i.e. lim, g Cip(N).

Our focus on the largest equilibrium @ reflects the fact that nonviral equilibria are economically
insignificant. In the case of prosocial behaviors, there turns out to be a unique viral equilibrium
(whenever one exists). For antisocial behaviors, there are multiple viral equilibria, but only the
largest is stable. To be precise, the largest equilibrium is always a generically an asymptotically
stable point of the mean dynamic for the best response (see, e.g., Sandholm| [2010, Section
4.2.1). For example, under prosocial behaviors, for any € > 0 if ¢ = 7 + € then BR(0) < o, and
if o =7 —e then BR(0) > 0. The same best response property holds for the largest equilibrium

in antisocial behaviors, but not for the second largest (viral-mixed) equilibrium.

4.1 Prosocial Behaviors

To begin, we focus on the case of prosocial behaviors (§ = +). When other players play according
to o, expected utility from adoption is given by Ep[u, (0)] = (v — ¢) + vZ\(0). Hence, the best
response correspondence BR, takes a particular simple form that depends on a threshold level

of influence:

1, I)\(O') > 5 -1
BRy(0) ={0,1], Zy(o)=¢—1 (8)
0, I)\(O') < 1—6} -1

We characterize the structure of equilibria as a function of A. We label each case in the propo-
sition below with the “type” of the largest equilibrium—mno-adoption, full-adoption, nonviral
mixed, or viral mixed. It is helpful to first define two thresholds, A € (0,1) and X € (1,00) by

c—v X5m:c—v(1—5p1). (9)

A=
- oc ’ c+uvpy

These threshold mark critical levels of network density (\): A is the minimum density required
for equilibria beyond zero adoption to emerge (i.e., where influence can potentially cross the
best-response threshold), and X is the maximum density for the full-adoption equilibrium to
exist in the viral regime (A > 1), beyond which only partial /mixed adoption is sustained at high

densities due to the global effect of density on influence.
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Proposition 3 (Characterization of equilibria for prosocial behaviors). For prosocial behaviors,

the equilibrium structure depends on network density A as follows:
1. (No-adoption) If A < A, the unique equilibrium is o = 0.

2. (Nonviral full-adoption) If A < XA < 1, there is a no-adoption equilibrium o = 0, a nonviral

mized equilibrium Ao = A, and a nonviral full-adoption equilibrium o = 1.

8. (Viral full-adoption) If 1 < X\ < X, there is a no-adoption equilibrium o = 0, a nonviral

mixed equilibrium defined by Ao = A and a viral full-adoption equilibrium o = 1.

4. (Viral mized) If X\ > X, there is a no-adoption equilibrium o = 0, a nonviral mived

equilibrium Ao = X and a viral mized equilibrium defined by Ao = \.

The proposition can be understood by the relationship between (1) expected influence, (2) the
threshold ¢ — 1 in the best response and (3) the strategic complementarity /substitutability of
adoption in the sub/super critical regions. In sparse networks (A < \) or at low adoption levels
(0 < A/A), expected influence is below the best-response threshold ¢ — 1, making zero adoption
the best response. This guarantees that a no-adoption equilibrium exists for any A, and this
equilibrium is unique in sufficiently sparse networks (Part 1 of Proposition. In the sub-critical
region (A < 1), adoption is a strategic complement. As density A increases, so does expected
influence. For sufficiently high A (A > )), expected influence crosses the £ —1 threshold, enabling
both the full-adoption and a nonviral mixed equilibrium alongside the no-adoption equilibrium
(Part 2). Increasing density beyond A = 1 enters the super-critical region. The three equilibria
from Part 2 persist, but the full-adoption equilibrium becomes viral due to the emergence of
a giant component in the network (Part 3). However, in the super-critical region, expected
influence decreases with both adoption and density (as per Proposition . For sufficiently high
A (A > X), influence at full-adoption falls below the ¢ — 1 threshold, making full-adoption no
longer a best response. Instead, the highest equilibrium becomes a viral mixed strategy, where
the mixing level o adjusts such that the resulting expected influence precisely matches the £ —1

threshold, sustaining the viral mix as a best response (Part 4).

A consequence of this equilibrium structure is that one of two forces will always limit the diffu-
sion of a prosocial behavior. First, full adoption is only a viral equilibrium if the network is not
too dense (A < )); hence, even if everyone is prepared to adopt, viral diffusion is structurally
limited by the size of the giant component. A stark empirical example of influence-seeking
behavior in the sub-critical regime appears in [Pickard et al. (2011))’s analysis of the DARPA

Network Challenge.@ The winning team (MIT) used a recursive incentive scheme in which each

28The DARPA Network Challenge was a competition in 2009 in which “competing teams were asked to locate
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balloon-finder was paid $2,000, the finder’s recruiter received $1,000, that recruiter’s recruiter
received $500, and so on up the Chain.@ This strategy sustained a recruitment cascade of ap-
proximately 4,400 individuals across the United States in 36 hours, with a recruitment branching
factor (=~ 0.93) near but below the critical threshold. Recruitment was complementary, individ-
uals were influence-seeking, and recruiters strategically targeted geographically distant friends,
consistent with the model’s prediction that individual influence is highest when paths through
the network are unlikely to overlap. Second, in sufficiently dense networks (A > \), diffusion
is limited by strategic considerations. The abundance of alternative paths reduces individual
influence, creating a strong incentive to free-ride. Consequently, full adoption is no longer a best
response in these dense regimes, limiting the connectedness of the potential adopter network.
We return to this prediction at the end of this section, where we discuss field evidence from

protest participation.

We depict the relationship between influence and the best response in Figure [d For exposition,
we fix £ =2 and § = .8 in the figure. The top part of the figure shows expected influence in red
and the threshold £ — 1 in blue, around which the best response changes. The bottom part of
the figure shows the best response correspondence in red, and the 45-degree line in black—the
intersections of the red and black lines are equilibria. We fix A = 2.5 so that the figure shows the
entire range of possibilities for influence as a function of o, the vertical orange line is the critical
threshold where Ao = 1, i.e. o = 0.4. The maximum value of expected influence is § /(1 —0) =4
which occurs at this critical threshold. We also have A = 0.625, and X ~ 1.37, and these can
be obtained by looking at the values of o for which the expected influence (red) crosses the
threshold € —1 (blue). For example, the red and blue lines first intersect at o = 0.25, so Ao = A
implies that A = 2.5 x 0.25 = 0.625, as claimed. Finally, because influence is small on the tails

and large in the middle, best responses are 0 for small or large o, and 1 for intermediate values.

Next, we translate Parts 2 and 3 of Proposition |3|into a statement about the size of diffusion. To
unify our notation, we write )\Cﬂrit, for the critical threshold around which viral equilibria emerge
(for B € {+,—}). With this notation, A" = 1, since viral equilibria in prosocial behaviors
emerge alongside the emergence of the giant component. Finally, recall that we use Cj ()
to denote the fraction of agents in the largest component of the potential adopter network for

B € {+,—} in the largest equilibrium. Then we have the following result.

Corollary 1 (Prosocial behaviors emerge continuously). The adoption of prosocial behaviors in

10 red weather balloons placed at locations around the continental United States” (Pickard et al., 2011)).
29 Although recruitment in a competition is not, strictly speaking, a prosocial behavior, this setting cleanly
illustrates how influence-seeking behavior diffuses in a large network.
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Figure 4: Expected influence and the best response correspondence for prosocial behaviors.
Agents adopt only when expected influence is sufficiently large. Everyone adopts around the
critical threshold where Ao = 1. Maximal influence depends on A, i.e., if A < )\ then expected
influence is always below the blue line A and no one ever adopts.

the largest equilibrium is a continuous function of the network density \, namely

lim C7+(A) =0= lim C;(N).
APAgrit At

To understand Corollary [I} notice that Proposition [3] and Corollary [I] implies that around the
phase transition in the underlying graph (i.e., A € (1—¢, 1+¢)), there is a parallel phase transition
in equilibrium behavior: for A < 1, all equilibria are necessarily nonviral, while for A > 1 there
exists an equilibrium which induces a giant component of potential adopters. Corollary [1] says
that this transition admits a continuous change in the size of the largest component in the

potential adopter network with respect to \.

Our equilibrium characterization offers a new resolution of the classical collective-action puzzle:
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how can costly participation be sustained at non-trivial levels when individuals can free-ride on
the participation of others (Olson, |1965)7 The standard theoretical answer builds in strategic
complementarity—others’ participation lowers the cost or raises the value of one’s own, turning
collective action into a problem of coordination (e.g., [Kuran, 1989; Chwe, 2000; [Edmond), [2013]).
Field evidence, however, suggests that participation can instead be a strategic substitute. Study-
ing the 2016 July 1 march in Hong Kong, Cantoni et al.| (2019) elicit HKUST undergraduates’
beliefs about classmates’ planned participation in the march and randomly provide a subset with
truthful information, generating an exogenous shock to beliefs. Subjects expected high turnout,
believing on average that approximately 143,000 others would participate. Raising beliefs about
classmates’ participation reduces own turnout, with a pooled treatment effect of approximately
—2.7 percentage points and a sign that reverses across the subsamples whose priors lay below
versus above the truth. In our model, sustained participation and substitutability coexist: in
viral equilibria a non-trivial fraction of the population participates (Parts 3 and 4 of Proposi-
tion , yet influence—the strategic motive that sustains participation—declines with aggregate
participation, so the same equilibrium exhibits substitutability. Beliefs about the prevalence of
others’ participation can be viewed as informative about the effective density )\am and when
perceived participation is high, an individual’s influence—and with it her strategic incentive to
participate—is low.ﬂ Crucially, this explanation does not strictly require agents to know the

network topology—they need only infer lower pivotality from higher observed prevalence.

A number of papers emphasize the role of social preferences or coordination amongst close so-
cial contacts to explain observed patterns of contagion (one individual’s participation results in
greater participation amongst their social contacts). Others emphasize local complementarities
in protest participation amongst peers@ Our diffusion game incorporates a reduced form local
complementarity through the diffusion process. A peer’s participation matters through local ez-
posure: an agent can act only after she is exposed by a peer who takes the action, so participation

by an agent’s peers (weakly) raises the probability that she herself participatesﬁ Through the

30We do not claim the experiment constitutes a direct test of our mechanism: the treatment manipulates
beliefs about participation, not the network, and alternative mechanisms—such as beliefs about the probability
of the protest’s success—could generate the same response.

31 As discussed in Section agents need not literally value influencing specific numbers of additional protestors;
v can be interpreted as the marginal increase in the probability of a desired collective outcome when an additional
agent adopts, so that influence measures an agent’s expected marginal contribution to that outcome.

32For instance Bursztyn et al. (2021) study the same annual Hong Kong march in the two subsequent years
and document complementarities in attendance among individuals in the same peer group. Their experiment
indirectly incentivizes HKUST undergraduates to attend the 2017 march (paying subjects to report crowd size,
which they could only do by being present). Treatment raises 2017 turnout by about 10 percentage points and
2018 turnout by about 5 percentage points.

330ur diffusion process is a simple contagion: a single participating neighbor suffices for exposure, and payoffs
feature no complementarity between neighbors. The model thus generates positive local peer effects in behavior
in a reduced form manner without assuming local payoff complementarity—in contrast to threshold and complex-
contagion models, in which the incentive to adopt rises with the number of adopting neighbors (Centola and
Macyy, [2007)).
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lens of our model observations of local complementarities are not necessarily in tension with the
strategic substitutability that emerges in our analysis and documented in |Cantoni et al.| (2019)
but may be part of the explanation of them. It is the presence of local complementarities that
create the strategic influence motive in our analysis. Strategic substitutability then arises in the
viral regime because beliefs about aggregate participation matter through global redundancy:

higher aggregate participation creates redundant paths that reduce any single agent’s pivotality
(Proposition [2)).

4.2 Antisocial Behaviors

We now consider the case of antisocial behaviors (f = —). Recall that when other players play
according to o, expected utility from adoption is given by Ep[u_(0)] = —(v — ¢) —vZ)(0). The
best response correspondence again takes on a simple form characterized by a threshold level of
influence:
1, I)\(O' ) < 1—6) -1
BR.(5)={0.1], Tuo)=%-1 (10)
O, I)\<O') > 5 —1

Note that although the utility from adopting an antisocial behavior is simply the negative of
the utility from a prosocial behavior, and this “reverses” the best responses, we will see that
there are meaningful differences in the structure of equilibria between the two cases. We now
describe the structure of equilibria for antisocial behaviors, utilizing the thresholds A and A
defined in @ Each case below is labeled according to the “type” of the largest equilibrium
(e.g. viral full—adoption).ﬁ

Proposition 4 (Characterization of equilibria for antisocial behaviors). For antisocial behav-

iors, the equilibrium structure depends on network density A as follows:
1. (Nonwviral full-adoption) When A < A, the unique equilibrium is o = 1.

2. (Nonviral mized) When A < A < X, there is a unique equilibrium determined by the
nonviral mixed strateqy defined by Ao = \.

3. (Viral full-adoption) When X\ > X, there is a viral full-adoption equilibrium o = 1 along

with a nonviral mized equilibrium Ao = X, and a viral mized equilibrium Ao = .

Similar to the prosocial case (Proposition , we may understand Proposition |4 through the

34As with prosocial behaviors, the largest viral equilibrium is generically asymptotically stable. Moreover,
the second largest (viral mixed) equilibrium is unstable (again, with respect to the mean dynamic for the best-
response).
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relationship between (1) expected influence, (2) the threshold ¢ — 1 in the best response and
(3) the strategic substitutability /complementarity of adoption in the sub/super critical regions.
When the potential adopter network is sparse (A < A or low levels of adoption ¢ < A/\) then
expected influence is small (< £ — 1) and the best response is to adopt. Hence, full-adoption is
a unique nonviral equilibrium in sufficiently sparse networks (Part 1). In the sub-critical region
(A < 1) adoption is a strategic substitute and as the network becomes more dense, expected
influence increases. Hence for sufficiently high levels of adoption, influence exceeds the threshold
¢ — 1, and full-adoption is no longer sustainable as an equilibrium (non-adoption is the best
response to sufficiently high adoption). Rather, a nonviral mixed equilibrium emerges as the
unique equilibrium (Part 2). As the density increases (1 < A < A), the underlying network
passes into the super-critical region and expected influence remains large. This means the best
response to high levels of adoption is non-adoption, and the unique equilibrium remains the
nonviral mixed strategy equilibrium. Hence, unlike the case of prosocial behaviors, as the giant
component emerges in the underlying graph, no viral equilibrium emerges alongside it. In the
super-critical region, expected influence is decreasing in adoption and network density, so for
sufficiently dense networks (A > \), and sufficiently high adoption (0 > A/\) expected influence
falls below the threshold £ —1 in the best response. Once this occurs, a full-adoption equilibrium

and viral mixed equilibrium emerge (Part 3).

A key consequence of Proposition {|is that viral equilibria emerge for antisocial behaviors only
when the network density is sufficiently large (A > X). The mechanism for this result is that
antisocial agents are influence-averse: they wish to avoid causing others to take the action. For
intermediate network densities (A < A < \), individual influence is high, which deters adoption.
However, in dense networks (A > X), the global effect of density reduces individual influence,
leading to a “diffusion of responsibility.” This creates a licensing effect: agents perceive that the
behavior will spread regardless of their action, and they act because their action carries little
influence. This is consistent with field evidence on the spread of antisocial behavior (Keizer
et al., 2008; Ferrali, 2026)).

Keizer et al.|[(2008) conduct six field experiments on “the spreading of disorder” in public spaces
in the Netherlands. The authors manipulate visible contextual norm violations—e.g. graffiti
on alley walls, unreturned shopping carts in a parking garage, bicycles illegally locked to a
fence, litter near a mailbox—and observe whether passers-by commit a distinct target antisocial
behavior such as littering, trespassing, or stealing a visible banknote. Visible norm violations
sharply increase further violations across all six experiments: trespassing rose from 27% to 82%
when bicycles were illegally locked to a fence, and the paper reports that the mere presence of
graffiti more than doubled rates of both littering and stealing. Our model predicts that—insofar

as it changes beliefs about aggregate behavior—observing widespread norm violation reduces
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the perceived impact of one’s own behavior, leading to a diffusion of responsibility.ﬁ

Ferrali| (2026) provides an example of an antisocial behavior diffusing through a real-world
network: dishonesty among clerks at the call centre of a large roadside and health-assistance
company in the Middle East and North Africa. The clerks dispatch service providers (e.g., tow-
truck operators) in response to customer claims, but may disproportionately allocate claims to
the same provider in return for a kickback. Exploiting quasi-random variation in which clerks
are staffed together on the same shifts, Ferrali (2026) finds that when an honest clerk is co-
staffed with a dishonest clerk, her probability of behaving dishonestly the next month rises by
5.1 percentage pointsﬁ

As with Figure [ we depict the relationship between the expected influence and the best
response correspondence for antisocial behaviors. Note that because the utility of antisocial
behaviors is the negative of the utility of prosocial behaviors, the plot is identical to Figure
but with the best response correspondence “inverted”. We see that viral equilibria do not emerge
smoothly alongside the phase transition in the underlying graph because when A is close to the

critical threshold, influence becomes too large for agents to be willing to adopt.

Proposition [4] implies that there is a discontinuous jump in adoption under the largest equi-
librium when there is diffusion of an antisocial behavior. This is because a viral equilibrium
emerges only when the giant component is already well-established in the graph—that is, the
critical threshold is A% = X > 1. In terms of component sizes, we have the following corollary

analogous to Corollary

Corollary 2 (Antisocial behaviors emerge discontinuously). The adoption of antisocial behav-
iors in the largest equilibrium exhibits a jump discontinuity as a function of the network density,

namely

lim C;_(A\)=0< lim Oy _(\).
AT At

The contrast between Corollary [2{ and Corollary [1| has clear consequences for the optimal net-
work size. The next section synthesizes the findings from these corollaries, discusses welfare
implications, presents further comparative statics, and explores policy insights stemming from

our model’s results.

35The authors interpret these findings through a goal-framing mechanism, in which visible norm violations
make normative considerations less salient. Our model offers an alternative interpretation of the same reduced-
form fact.

36The mechanism [Ferralil (2026)) identifies is information transmission—junior clerks learning collusion oppor-
tunities from senior dishonest colleagues—which differs from our influence channel. The spread of dishonesty in
a dense workplace network is nonetheless consistent with our model’s prediction: an individual clerk’s expected
influence on colleagues is small, which would weaken any restraint against contributing to dishonest behavior.
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Figure 5: Expected influence and the best response correspondence for antisocial behaviors.
Agents adopt only when expected influence is sufficiently small. No one adopts around the
critical threshold where Ao = 1.

4.3 Welfare and Policy Implications

From a welfare perspective, optimal policies maximize the spread of prosocial behaviors and
minimize the spread of antisocial ones. To design such policies we must first characterize the
extent of diffusion in the largest equilibrium, which represents the largest fraction of potential

adopters who engage in the behavior.

A large cascade occurs if a nontrivial fraction of agents take the action in equilibrium. If there
is a viral equilibrium o, then the size of a large cascade is given by o(1 — pa).m We plot the size
of a large cascade for prosocial and antisocial behaviors in the largest equilibrium in Figure [6]

and formalize the figure in Proposition [5

37This quantity represents the probability that a randomly chosen agent in the giant component of the potential
adopter network takes the action (o), multiplied by the size of the giant component in the potential adopter
network (1 — po).
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Figure 6: Size of a Large Cascade: Prosocial vs. Antisocial Behaviors. There is a discontinuous
jump in maximal diffusion of antisocial behaviors at .

Proposition 5 (Effect of Density on Large Cascade Size). Considering the largest equilibrium
for prosocial and antisocial behaviors, the effect of an increase in the network density (\) on the

size of a large cascade are given in the table below (0 indicates no large cascades):

A prosocial behaviors antisocial behaviors
A< 0 0
1 < X< X\ | strictly increasing 0

A >\ strictly decreasing  strictly increasing

Proposition [5| is a key comparative static result. It illustrates that the free-riding effect for
prosocial behaviors and the licensing effect for antisocial behaviors strengthen as network density
(\) increases beyond X The result can be understood by decomposing the impact of increased
density into two parts: a direct effect due to more potential adopters, and an indirect effect due

to agents’ adjustment of equilibrium strategies.

For prosocial behaviors, as density grows, individuals free-ride on others’ influence which reduces
the overall adoption— that is, the indirect effect dominates the direct effect. In contrast, for
antisocial behaviors agent’s equilibrium strategy is the same for all A > ), so there is no
indirect effect. Hence increased density only reinforces the “licensing effect” of the antisocial
behavior, leading to increased overall adoption in the larger network. In dense networks we
would therefore expect that antisocial behaviors experience widespread diffusion while prosocial

behaviors diffuse very little.

38 A related psychological idea is the bystander effect, in which individuals are less likely to help when others
are present (Darley and Latanel |1968)). Although the underlying mechanism differs from ours, the idea that
people fail to help someone in need because “somebody else will probably help them” is similar to the logic of
our model.
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This viral diffusion of antisocial behavior in dense networks is consistent with empirical evidence
on the spread of rioting. Using event-history methods, |[Myers| (2000) studies U.S. racial rioting
between 1964 and 1971 and finds that the propensity to riot diffused across cities through the
network of overlapping television coverage, with cities receiving coverage of a prior riot being

more likely to riot subsequently.

Proposition |5 also has clear implications for the speed of diffusion. In dense networks (where
A > ), equilibrium strategies in antisocial behaviors (¢ = 1) are larger than equilibria in
prosocial behaviors (o < 1). Hence all else equal, antisocial cascades grow more rapidly than

prosocial ones.

Taken together, Propositions [3| to [5| characterize which behaviors a network of a given density
can support in equilibrium. Although we do not model competing diffusions—each behavior in
our model diffuses in isolation—our model offers sharp predictions about the relative capacity
of networks with different densities to sustain prosocial versus antisocial behaviors.@ Sparse
networks (A < 1) support neither behavior at scale. For intermediate densities (1 < A < \), the
network supports viral prosocial diffusion—which grows with density—while antisocial behavior
remains nonviral. Once density crosses A, viral antisocial equilibria emerge discontinuously: at
the threshold the two cascades are equal in size, and beyond it antisocial diffusion overtakes

prosocial diffusion, expanding toward full adoption while the prosocial cascade shrinks toward

zero (see Figure [6]) [1]

To our knowledge, no existing study measures both a prosocial and an antisocial behavior across
otherwise comparable networks of different densities; the joint pattern is a testable prediction
of our model. Its two sides, however, can be assessed separately. Since the number of people
an individual interacts with scales with population size (Schlépfer et all [2014), we may—
cautiously—take population as a coarse proxy for interaction density. The prevalence of crime
rises with population: across 287 U.S. metropolitan areas, a city with twice the population
has roughly 12 percent more serious crime per resident (Bettencourt et al.l 2007), and the
probability that an individual has any crime perpetrated against them over a six-month period
is 21.7 percent in cities of more than one million people, compared with 9.4 percent in towns
of between one and ten thousand (Glaeser and Sacerdote, 1999). The prevalence of prosocial
participation falls with community size: in a meta-study of local political participation, 27 of

41 multivariate tests find a significantly negative relationship between municipal population

390thers have investigated the relative contagiousness of prosocial and antisocial behaviors in settings different
from ours. For example, in a laboratory experiment where subjects observe a single peer’s choice to give to or
take from a charity, Dimant|(2019) finds that antisocial behavior is more contagious than prosocial behavior. In
our model, the relative reach of the two behaviors depends on the network density.

40Tn the viral mixed equilibrium for prosocial behaviors, Ao = X is fixed, so & = A/A — 0 and the prosocial
cascade o(1 — p,) — 0 as A — oo, while the antisocial cascade 1 — p; — 1.
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size and participation, and none finds a significantly positive one (van Houwelingen| 2017)). A
similar pattern appears online: on Stack Exchange question-and-answer platforms, the share of

questions receiving an accepted answer falls as the number of participants grows (Dev et al.|

2018) [1]

The threshold X is implicitly a function of the payoff parameters, and therefore interventions
that reduce the private payoff to antisocial acts or raise the perceived reach of their harm
raise the threshold (we formalize these comparative statics in Proposition [7| below). Whether
a denser network comes to support viral antisocial behavior therefore depends in part on such

Interventions.

Next, consider a social planner who can choose the network density () ez-ante, before knowing
whether the behavior that emerges and diffuses on the network will be prosocial or antisocial.
Throughout this section, we focus on the case § = 1, so that welfare depends only on the size of
diffusion.@ Let the planner’s objective be to maximize welfare, which increases with the size of
diffusion of prosocial behaviors and decreases with the size of diffusion of antisocial behaviors.
We will focus on the case where the planner anticipates that the largest equilibrium will be
played for whichever behavior eventually diffuses@ As a consequence of Proposition , the
supremum of welfare is attained in the limit limy,5 A\. However, due to the discontinuity in the
size of large cascades for antisocial behaviors at A, there is no A* that maximizes welfare, though

we can of course get arbitrarily close to the supremum.

Proposition 6 (Socially Optimal Network Density). For any arbitrarily small positive amount
(e > 0), there is a small interval (I. = (X — 6x,\)) below the viral threshold X such that for
any network density (X) is in this interval (I.), the resulting social welfare is arbitrarily close to

(within € of ) the supremum of welfare over all possible network densities ().

The core insight of Proposition [0] is that a social planner faces a fundamental trade-off: while
greater network density can facilitate the spread of prosocial behaviors, exceeding the critical
threshold X\ can lead to the abrupt emergence of antisocial behaviors. A converse implication
is that if a network is large (A > )), then a mob-rule can be overcome by lowering the connec-

tivity below the critical threshold A. For example, in dense online environments contributing

Arbesman and Christakis| (2011) document that prosocial behaviors do not scale with city size in a uniform
way. The literatures cited here also propose mechanisms of their own, and population shifts many things besides
interaction density. We cite these patterns because they are consistent with the comparative statics of our model,
though they are not direct tests of our mechanism.

42When 6 < 1, externalities decay with social distance and welfare is no longer equivalent to the size of
diffusion. However, the qualitative insights of this section—that the optimal density is just below A and that
the planner faces a fundamental trade-off between prosocial and antisocial diffusion—extend naturally.

43The analysis is virtually identical if the planner holds a probability distribution over the equilibrium which
will be played and puts nonzero probability on the largest equilibrium.
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to the spread of misinformation, a planner may be able to eliminate a viral “misinformation
equilibrium” by reducing the ease of information propagation across the network (e.g. through
limits on sharing content) thereby increasing individual accountability for the content shared.
Finally, Proposition @ implies that for densities near X, the losses from the adoption of prosocial
behaviors are small relative to the gains from adoption of antisocial behaviors, so a planner who

is uncertain about the exact threshold is better off “cutting more conservatively”.

In our model, equilibrium is sensitive to three key parameters that govern agent incentives: the
private value of acting (v), the private cost of acting (¢), and the perceived reach of spillovers
(8). The interaction of these parameters determines the critical network density threshold A
around which viral antisocial equilibria emerge. Policies which target these parameters can

14

improve outcomes by increasing the “weight” of individual influence.

Events like the mass protests in Iran following the death of Mahsa Amini in 2022 or the global
“Black Lives Matter” movement sparked by the death of George Floyd in 2020 can be understood
in our model as causing sharp shifts in parameter values. For example, such catalysts can
simultaneously lower the perceived costs of participation (c¢), increase the moral or social value
of acting (v), and heighten public belief that collective action will generate meaningful change
that benefits everyone (4). In our framework, such shifts can move the system from a regime
where influence is insufficient to motivate action (A < A) into the “high influence” regime
(A < A < \) where participation is a strategic complement, by changing individuals’ beliefs
about the number of potential adopters. Importantly, if the perceived density remains below
the threshold (X) where free-riding dominates, incentives to participate are strong. By contrast,
our model predicts that for antisocial behaviors, marginal shifts in these parameters can trigger
discontinuous changes in the equilibrium level of adoption. The following proposition formalizes

the impact of “nonstructural interventions” which target these parameters.

Proposition 7 (Impact of Spillover Reach (J), Values (v) and Costs (c)). For the largest

equiltbrium, a marginal increase in d or v, or a marginal decrease in ¢ has the following effects:

1. Prosocial Behaviors: No effect when 1 < X\ < X, strictly (and continuously) increases

the size of large cascades when \ > \.

2. Antisocial Behaviors: No effect when \ # X\, and a discontinuous decrease in the size

of large cascades when A = \.

These findings suggest several interesting policy avenues. First, observe that Proposition
implies that nonstructural interventions are only effective for prosocial behaviors when there is

already free-riding (A > )), and for antisocial behaviors around the critical threshold (A ~ )).
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When these conditions are not met, only changes to the network structure itself will affect
equilibrium adoption. Since targeting the private value (v) or cost (c) of an action are traditional
policy levers with fairly clear implications in our model, we will focus on discussing policies which

target 4.

For prosocial behaviors, interventions that make the perceived extent of spillover reach (§) more
salient to agents can be effective. For example, vaccination campaigns emphasizing that com-
munity immunity makes the individual safer may encourage more individuals to participate.
Similarly, in campaigns for volunteering emphasizing that a culture of community service even-
tually creates a more supportive local network for the individual volunteer can improve the indi-
vidual’s incentive to volunteer. By making the personal benefit from widespread adoption more
apparent, these interventions raise agents’ perceptions of §. For antisocial behaviors, Proposi-
tion [7] implies that interventions are only effective around the critical threshold. Small changes
in 0 can create, or eliminate antisocial behavior. The strategic goal of policy in this case is to
make agents aware of how widespread adoption— and their role in it— ultimately harms their

own welfare.

Our analysis in this section illustrates the policy implications that follow from our model. By
disentangling the role of network density (A) from the model parameters (J,v,c), our model
provides distinct levers for intervention. We find that optimal network connectivity is “large
but not too large”, and that increasing agents’ perceptions about the extent of spillovers or
weight of influence is always (weakly) beneficial, yielding discontinuous benefits for antisocial

behaviors.

5 Extensions

5.1 Arbitrary Degree Distributions

When it comes to real-world networks, there are many properties that the binomial random
graph G(n,p) does not capture, for example, “fat tails” @ As such, it is natural to ask whether
our results can be extended beyond the specialized class of Poisson networks. The object of this

section is to answer this in the affirmative.

We can easily extend our model to a game on a network with an arbitrary degree distribution
constructed using the configuration model (Bollobas, |1980; [Wormald, 1978). In this setting, so
long as the degree distribution is sufficiently sparse, the graph is locally tree-like and therefore

can be approximated using branching processes (we discuss this in more detail in Online Ap-

4Gee e.g., |Jackson| (2008).
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pendix .

An approach using generating functions works in this more general setting. Formally, define a
game with n agents as a three-tuple '™ = (d™, A, u). The vector d™ = (d{",...,d"") is the
degree sequence for the game and generalizes the binomial random graph of Section [2["] The
actions and utility functions remain unchanged. We impose standard restrictions on the degree
sequence so that the limiting degree distribution, which we denote by D = lim,,_,o, d™, is well

behaved (in particular it must have a finite mean—see Online Appendix |C| for details).

The timing, payoffs and strategies in the more general model remain unchanged except that

expectations will be different because they depend on the degree distribution. Let
o
Go(z) = Z Rzt
k=0

be the generating function for D = {p }r>0. Then, the generating function for D’ is given by

_ Go(2)

=G

where G{(1) = E(D). If all agents play the strategy o, then the generating function for the
forward adoption degree distribution is G1(1 — o + 0z). It follows that the forward extinction
probability p, for the forward adoption degree distribution is the smallest solution in [0, 1] to
the equation

po =Gi1(1—0+0p,). (11)

Note that this implies

d
EGl(l —U+az)‘zzpa =oG(1—0+o0p,). (12)

Equation describes the expected offspring in the subcritical dual branching process with
offspring distribution D. In the Poisson model, the critical site percolation threshold was given
by Ao = 1, i.e., 0%® = A\7!. In general, the critical site percolation threshold for a graph with

an arbitrary degree distribution is known to be

crit — ]E[D]
~ E[D(D - 1))

We now give an explicit formula for the expected influence function. We have the following

analogue of Lemma [I]

45This can be viewed as a special case of Sadler’s single-type diffusion game.
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Lemma 2. The expected influence function Ip: [0,1] — R is given by

do G (1) crit
— o<ao
Tp(o) = { 17D ‘ (13)
5P<7(G1(1)_1) crit
1-00G (1—0+0ps)’ g>0
where py 1S as in , and
00 ok k
2 o k(L= ph) %Gy (1= o)

Q
=
~—~

—_
~—

Il

1—=Go(l =0+ 0ps)

15 the expected number of neighbors who are potential adopters after updating due to viral infer-

ence. In particular, Ip(o) is continuous.

It turns out to be difficult in general to determine the behavior of with respect to o, despite
there being a “discrete duality principle” (Molloy and Reed| 1998) analogous to the Poisson
case@ However, we can provide a simple condition under which the case of an arbitrary degree

distribution is analogous to the Poisson model.

Our results on the characterization of equilibria in Section [ relied on a continuous parameter-
ization of the underlying density of the graph (A). The reason for this is that A is a sufficient

crit

statistic for o“® and a giant component exists in the graph if and only if o < 1. Many
distributions of interest can be parameterized in a similar way, for example any degree distribu-
tion that scales exponentially in the degree (e.g., a power law), or any family of mixed Poisson

distributions. As such, we now restrict our attention to one-parameter families of degree distri-

butions {Dy}gco, for which § € © C [0, 00) is a sufficient statistic for %. We focus on
distributions for which % is strictly decreasing in 6, with infyco % < 1. This

guarantees that there exists a critical threshold #¢ such that a giant component exists in the
graph with degree distribution Dy if and only if § > 6°. By re-normalizing 6 — 60/0° we my

assume without loss of generality that 6 = 1.

For these degree distributions, we can offer a characterization of equilibria that is entirely
analogous to Propositions [3] and [4} if the following condition is satisfied [

Condition 1. Let o € [0, 1] be any strategy.

(i) If o is nonviral, then Zy(o) is strictly increasing in o and strictly increasing in 6.

46We can characterize exactly what happens in the subcritical regime and around the critical threshold, but
as the graph moves further into the supercritical regime we cannot say exactly what happens to influence for an
arbitrary degree distribution. We discuss this more in Appendix

4"We can weaken this condition slightly as we discuss in Online Appendix
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(ii) If o is viral, then Zy(o) is strictly decreasing in ¢ and strictly decreasing in 6.

Condition [1] is identical to Proposition [2| but with A replaced by the variable #, which param-

eterizes the family of distributions. How restrictive is Condition It is not difficult to show

that (i) always holds, and that (ii) holds around the phase transition (i.e., when o ~ o).

Whether (ii) always holds away from the phase transition we do not know, however it does hold

in the examples we provide in Section ﬁ

We write @, 6 for the solutions to

C
S 1=7,01
» o(1),

where § < 1 < @ For any family of distributions satisfying Condition , we have the following
analogue of Proposition

Proposition 8 (Characterization of equilibria for prosocial behaviors). Let {Dg}oco be a family
of degree distributions satisfying Condition[1. Then

1. (No-adoption) If 6 < 0, there is a unique equilibrium o = 0.

2. (Nonwviral full-adoption) If 0 < 6 < 1, there is a no-adoption equilibrium o = 0, a nonviral

CcC—v

EAITE and a nonviral full-adoption equilibrium o = 1.

mized equilibrium o =
3. (Viral full-adoption) If 1 < 6 < 0, there is a no-adoption equilibrium o = 0, a nonviral

cC—v

G se and a viral full-adoption equilibrium o = 1.
1

mized equilibrium o =
4. (Viral mized) If 6 > 0, there is a no-adoption equilibrium o = 0, a nonviral mized equi-

librium o = G/l(l) (1 — %), and a viral mixed equilibrium defined by the largest solution to
1

Ig(O') = % — 1.

The characterization of equilibria for antisocial behaviors is analogous to Proposition [4] and
therefore omitted here. It is an immediate consequence of our analysis that the welfare and
policy analysis provided in Section 4.3 also apply to graphs with an arbitrary degree distribution
that satisfy Condition [I}

5.2 Examples

In this section we provide two examples of graphs with an arbitrary degree distribution— the

Zipf and exponential distributions— for which we are able to derive explicit formulas for the

48Whether there exists a general class of distributions for which the condition holds is an open question.
49Tt is straightforward to show that @ always exists. Whether 6 exists depends on ¢ and v. If  does not exist
then we set it equal to +o0.
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expected influence. We show that the behavior is qualitatively identical to the Poisson case,
because both examples satisfy Condition [ The only notable difference between the Poisson
case and the two examples we now consider is that influence under the Zipf or exponential
distribution has a fatter right-hand tail, so the upper threshold at which viral equilibria for

antisocial behaviors emerge is higher than under the Poisson distribution— this can be seen
in Figures [7] and [§|
5.2.1 Zipf Distribution

Consider a configuration model network with degree distribution

eo@ e—ak
Ole—,1,k) k

pr = (14)
where ®(z, s, k) is the Lerch transcendent function and k is the smallest degree that occurs with
nonzero probability. Equation defines the so-called Zipf distribution. The Zipf distribution
exhibits a power-law of the form k™7 with v = 1, and an exponential tail controlled by the
parameter o > Om We focus on the case where & = 1 since this is analytically tractable. We
show in Online Appendix that expected influence can be computed explicitly using the

parameterization § = (e* — 1)~ and is given by

B0 o < 1
1—006°
To(o) =
9( ) 6(0o+1)(00—1) ) o > 1.

0c(0c—0)In(0o) ~ Go—5°

The parameterization 6 also allows us the convenience of being able to plot expected influence
under the Zipf degree distribution and under the Poisson degree distribution on the same axes
with the same critical point. In Figure [7] we take 0 = 1 and plot expected influence for the
Zipf and Poisson degree distributions. Crucially, Condition (1] holds for the Zipf distribution,
and therefore Proposition [§ provides a full characterization of the equilibrium structure as a

function of #. The thresholds 6, 8 are determined by the equations

9] c c—v
605 +1)(B5—1) 6 _° (16)
00—0)m@) G-0 v

and the second equation can be solved numerically for specific values of v, c and §. E.g. when

c/v=2and 6 = 0.8 we have § = 1.67 (and § = 0.625). In our next example the expected influ-

50The Zipf distribution arises in a number of real-world settings, including the distribution of city sizes. See
e.g., |Gabaix (1999)), foannides and Overman| (2003)), and |Arshad et al.| (2018)).
g ) ) )
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Figure 7: Zipf and Poisson Influence

ence can again be solved for analytically, and we use numerical methods to verify Condition [I}

5.2.2 Exponential Distribution

Next, we consider a configuration model network with degree distribution
pr = Ae™", (17)

where A = e*—1. This is the discrete ezponential distribution on k € {1,2...}. We parameter-
ize the distribution in terms of § = 2(u — 1), where u = E[{pi}x>0] = (1 —e~*)~!. Remarkably,
we show in Online Appendix that the expected influence can be written in closed form as

600
T toe o <1

To(o) = 165

00 (00+6)—160+(2+00)/00 (05+8)’

o > 1.

We plot the expected influence under an exponential distribution against a Poisson distribution
in Figure [8}— we can see directly from the figure that the exponential distribution satisfies Con-
dition [T And so it follows that the qualitative results of our analysis hold for an exponential
degree distribution. Moreover, since limg_,o, Zyp(1) — 0, both thresholds # and 6 exist and

determine the equilibrium.

5.3 Robustness and Discussion

Our theoretical analysis uses sparse random graphs and therefore abstracts from several features
of real-world social networks such as clustering. Moreover, our utility specification takes a spe-

cific stance on how influence enters into agents’ preferences which may not always apply. In this
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Figure 8: Influence for the Exponential Distribution

section, we highlight the limitations of our model and discuss the implications for applications

to which our framework is a better (or worse) fit.

We use numerical simulations on finite networks to study alternative utility specifications and

graph models.

5.3.1 Fractional Influence and Finite Populations.

In applications such as protests or voting agents may care about the fraction of the population
participating (which determines the probability of success), rather than the absolute number
of attendees. In our results the influence of a single agent on the aggregate participation rate
vanishes as n — o0o. Hence one may be interested in the scale of the strategic motives we

identify in large but finite populations.

To address this, we simulated our model on Erdés-Rényi graphs with a finite population of
n = 10,000 agents. Figure [ reports the average influence of an agent in the largest connected
component (C7) as a function of the mean degree of the potential adopter network. For illus-

trative purposes, we take 6 = 0.95.

Figure [0 demonstrates that influence remains quantitatively significant even when scaled by
population size. At the critical threshold (mean degree ~ 1), the average influence is approxi-
mately 9. In a population of 10,000, this represents a shift of nearly 0.1% of the total population,
and a significantly larger fraction (3-4%) of the active component. The active component rep-
resents the set of agents who can observe the behavior and therefore might participate, so this

is arguably the more important metric for applications.

More generally at the critical point, the giant component exhibits a tree-like structure where the
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Figure 9: Average influence and the largest component size |C| in finite populations. We sample
k = 200 nodes from 200 graph realizations per o, in intervals of 0.05, fixing A = 2.5.

average path length scales as the square root of the number of vertices in the component (Rényi
and Szekeres, (1967, Eq. 4.7). Since the influence of a node in a tree is proportional to the size
of the branch defined by that node (which scales with the path length to the root), and the

largest component at criticality scales with n??

, the average influence is expected to scale with
(n?3)12 = p'/3 (or n=Y/3 as a fraction of the largest component). Hence for n = 1,000,000,
our heuristic suggests that peak influence (when § = 1) should be around n~'/? = 100. We
ran additional simulations in a population of one-million and found that the results conform
remarkably well with or estimate: peak influence was 99.36. This represents around n= "% = 1%
of the active component. In settings where the probability of success is a threshold function
of participation, a marginal shift of this magnitude by a single pivotal agent is economically
non-negligible. That being said, we acknowledge that in arbitrarily large networks, the fraction
of the population influenced by a single agent vanishes asymptotically. Consequently, the im-
portance of our key mechanism diminishes as a function of the population size, if what matters

to individuals is the fraction—rather than the number—of others they influence.

Importantly, Figure [J] confirms that the shape of the influence function in finite populations
mirrors the asymptotic prediction: it is increasing in the subcritical regime and decreasing in the
supercritical regime.ﬂ Consequently, even if utility is driven by the fraction of participants, the
marginal incentives follow the non-monotonic pattern required to generate our central results:

strategic complementarity in sparse networks and strategic substitutability in dense ones.

51'We also verified that the shape of influence holds on average in small networks of n = 100.
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5.3.2 Clustering and Network Topology.

Our analytical results use branching-process approximations that assume the network to be
locally tree-like. Real-world social networks, however, often exhibit high clustering. This in-
troduces local redundancy, which could theoretically dampen the “local effect” of influence, or

accelerate the “global effect” of density.

To test the robustness of our mechanism to clustering, we simulated influence on two alternative
network topologies on n = 10,000 vertices: (1) Watts-Strogatz (WS) small-world networks
with (Watts and Strogatz, 1998)), which allow us to tune clustering via a rewiring parameter 3,
and (2) geometric lattices (Square and Triangular), which exhibit highly redundant paths and
a rigid spatial structure. In both cases we take § = O.95E Figure [10| displays the results.

—o— WS (B=1) »

WS (B520.00)
—m— WS«(B=0.05)
—m— WS (B=0.20) | 8000

—— Erd6s-Rényi
Square Lattice
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Figure 10: Average influence and network topology. Panel (a) compares Watts-Strogatz small-
world networks with ring-lattice degree K = 6, varying the rewiring probabilities 8. Panel (b)
compares geometric lattices. While the magnitude of peak influence varies with the structural
properties of the topology, the fundamental non-monotonic shape is robust across all specifica-
tions.

In Panel (b), we see that in highly structured Square and Triangular lattices, the peak level of
influence is dampened compared to the Erdos-Rényi graph. This is intuitive: spatial lattices
induce high local clustering, meaning a neighbor is likely connected to another neighbor, creating

redundant paths that render any single agent less pivotal.

However, Panel (a) reveals a more complex relationship in Small-World networks. As we decrease
the rewiring parameter  from 1 (Random Graph) toward 0 (Regular Ring-Lattice), the peak in-

fluence does not decay monotonically. When ¢ < 1, we find that the peak influence is maximized

52 As with Figure |§|7 we sample k£ = 200 nodes from 200 graph realizations per o, fixing the average degree.
In the WS graph we report total rewiring (8 = 1) in place of an Erdés-Rényi graph, while for the lattices the
Erdés-Rényi graph is identical to Figure @
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at intermediate values of 3% This suggests a distinct mechanism in the “small-world” regime:
when ( is small but non-zero, the network retains local clusters but gains long-range shortcuts.
The agents controlling access to these shortcuts become disproportionately influential, serving
as the sole “bridges” connecting otherwise distant parts of the network. This implies that while
local clustering generally creates redundancy, the introduction of sparse shortcuts can actually

amplify the strategic importance of pivotal agents.

Crucially, the fundamental non-monotonicity is preserved across all specifications. In both the
Small-World networks and the geometric lattices, influence is strictly monotone increasing as
the network approaches the critical density, and strictly monotone decreasing beyond it. This
confirms that while topology alters the magnitude of influence, it does not alter the fundamental
structural trade-off between local connectivity and global redundancy. Therefore, the “strategic

flip” from complements to substitutes is robust to realistic network structures.

5.3.3 Limitations

We now discuss several limitations of our model.

One-shot, single-exposure decisions. We assume agents act once upon first exposure and
observe only that at least one neighbor adopted. This “simple contagion” structure fits cases
where a single observed act plausibly triggers a response (e.g., a costly prosocial gesture or
a clear norm violation). It is a poorer fit for settings in which multiple simultaneous or re-
peated peer exposures are the driver of adoption (“complex contagion”)—for instance, enter-
prise software rollouts, health behaviors that require reinforcement, or consumer technologies
where several peers adopting is pivotal. In such environments, neighbor-threshold rules are a
better description of utility and our influence-based best responses and the associated comple-
mentarity /substitutability flips may not apply without additional modeling of exposure counts

and timing.

Broadcast, directionality, and exogenous seeding. We model undirected, neighborhood
observation initiated by a single random seed. By contrast, environments with (i) broadcast or
long-tie exposure (e.g., platform featuring, influencer posts), (ii) directed attention flows (algo-
rithmic feeds/retweets), or (iii) many simultaneous seeds depart from the local, path-by-path

propagation that underpins our influence calculus. Long directed ties expose far-flung nodes

53When § = 1, we find that the peak is strictly decreasing in B; that is, peak influence is maximized in
the regular ring lattice. This suggests influence around the threshold is driven by the diameter of the active
component. Since regular lattices exhibit large characteristic path lengths (L ~ N) while random graphs exhibit
short ones (L ~ In N), removing the penalty for distance (§ = 1) allows the “elongated” structure of the lattice
to yield the highest influence. Conversely, § < 1 penalizes long paths, which is what delivers the nonmonotonicity
in peaks present in panel (a) of Figure
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at once and many seeds raise the chance that adoption touches multiple large components
irrespective of individual pivotality. In such settings, the prosocial/antisocial asymmetry we
emphasize can be diluted: broadcast can spur high adoption of prosocial actions (e.g., a charity
drive boosted across a platform) even when dense-network free-riding would otherwise make
prosocial behavior substitutable, and it can likewise ignite antisocial cascades (e.g., coordinated
brigading or doxxing) without relying on the low-influence licensing channel we model. These
cases are better captured by augmented models with layered (local+broadcast) or directed atten-
tion networks; our local-observation mechanism is most informative when exposure is primarily

neighbor-based and seeding is sparse.

Common-sign spillovers. Our baseline analysis presumes agreement among agents on the
sign of spillovers for a given behavior (prosocial “4” or antisocial “—"). In many settings the
same act can be perceived as beneficial by some and harmful by others—e.g., whistleblowing
inside a firm (prosocial for organizational integrity or the public; antisocial from the perspec-
tive of implicated colleagues), or participation in a politically motivated boycott. Such sign
heterogeneity induces interacting diffusion problems across types and can attenuate or overturn
the clean free-riding/licensing asymmetry and the sharp discontinuity for antisocial behaviors.
Our results may still apply in networks among those who agree on the sign of the behavior,
but addressing these environments in full would require a multi-type extension in which agents’

payoffs depend on both their own type and the type distribution of adopters.

The limitations above do not negate the mechanism we highlight—the tension between local
observability and global redundancy—but they clarify the conditions under which our sharp

predictions are most credible and where additional modeling or empirical work may help.

6 Conclusion

We develop and analyze a model of behaviors with positive or negative spillovers that propagate
through social networks via observational learning. We show that a key strategic consideration is
influence: the causal effect of an agent’s adoption decision on the subsequent choices of the others
in the network. Our analysis reveals a non-trivial effect of greater density on behavior which
arises due to two competing effects: a direct positive effect from increased observability, and a
global negative effect as greater connectivity leads to more redundant paths. We establish that
there are some robust properties in the way connectivity is related to influence: at first, the direct
positive effect dominates and influence increases, then past a critical threshold of connectivity
the negative global effect dominates and influence decreases. Our findings are consistent with

empirical patterns documented under the “free-riding effect” for prosocial behaviors and the
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“licensing effect” for antisocial behaviors. Our model also offers one interpretation of why a

single behavior can be a strategic complement in one setting and a substitute in another.

We also show that there is a stark difference between the emergence of viral equilibria for proso-
cial versus antisocial behaviors. Prosocial behaviors exhibit a continuous emergence alongside
the emergence of the giant component (A = 1) in the underlying graph, while antisocial be-
haviors exhibit a discontinuous emergence in which equilibrium adoption appears suddenly at
a higher critical threshold of density (A = A > 1). This is consistent with empirical evidence on

the rapid spread of antisocial behaviors relative to prosocial ones.

Leveraging these insights, our model yields several policy implications. We show that, within
our framework, the socially optimal network is highly connected but not so connected as to
permit viral antisocial equilibria. Furthermore, we highlight how non-structural interventions
can be used effectively by targeting agents’ beliefs about the reach or extent of spillovers to
raise the weight they attach to influence. We suggest that this is one way to view the effects of

catalyzing events such as those which trigger mass protests.

The robustness of our findings across different network topologies and alternative utility specifi-
cations suggests that our insights extend beyond the baseline Poisson case. Our paper highlights
the complex interplay between network structure, spillovers, and strategic influence, providing
a framework for thinking about diffusion and welfare in network settings. Our research also
opens up a rich set of empirically testable questions for future research on the strategic diffusion

of behaviors in social networks.
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7 Appendix: Proofs of the results in the main text

7.1 Proof of Proposition

We wish to establish the existence of a symmetric perfect Bayesian Equilibrium. We first define

a best response correspondence:

Llp—r, ZV(0) > <1
BRg(o) =1¢0,1], Z"(0)=¢—-1 (18)
Llge, Z{V(0) <& —1.
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Online Appendix [B| shows that calculating Iﬁn)(a) via Bayes rule results in function that is a
ratio of polynomials with no roots in the denominator and is therefore continuous in . Hence,
o — BRg(o) satisfies the conditions of Kakutani’s fixed point theorem and there exists a
strategy o* = BRg(c*). Our equilibrium is then this strategy and the associated beliefs that
result in Ii”)(a*). Off-equilibrium beliefs only arise at an information set in an equilibrium

where 0* = 0. In this case it is trivial to specify any belief where I)(\n) (60*) = 0 in such an event.

7.2 Proof of Lemma [

Lemma [I] is a special case of Lemma [2] which is proved in Appendix [7.10} For clarity, we show
explicitly here how Lemma [2 implies Lemma [T} In the case where Ao < 1, observe that for the
Poisson distribution we have G’ (1) = A, whence gives

oo

Do) =150

We now turn to the case where \o > 1. The generating function for the Poisson distribution

has the property
G (2) = AFGy(2).

Substituting this into the expression for the expected number of neighbors conditional on ex-

posure (due to viral inference), we have

Zk G’(k (1-0)=Gy(l—0 ; < (;Uﬁai)!) A

k=1

ol—0o ()\ae — \opse ’\"””)

But now recall that Go(z) = e**™1| so

)\UGo(l . 0) (ez\a . pae)\a) _ )\06—)\(1—0—1) (ez\a . pae/\a)
= Ao (1 - pae’\”(p"_l))
= o(1-p})

>\U(Po_1)

where the last equality comes from the fact that p, =€ . So for the Poisson distribution

we arrive at an expected number of neighbors conditional on exposure given by

_ Aa(l=p3)
BA S =G0 =0 tom)’
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and finally since the denominator is equal to 1 — p, we get E[A | §] = Ao (1 + p,), so by

we have
OO po 1 — Xops

T ONT P, — 0Py ONT P,

0Py

Do) = 1—46Xop

X (Ao(1+p,) —1)

which proves Lemma

7.3 Proof of Proposition

By Lemmal [T} expected influence when o = 1 is given by

oA

L= el
0Ap1 —dpii= N> 1
1-6Ap1 1 1-6XAp1’

In what follows we can always recover the same comparative static result for o by replacing A
with Ao (this is essentially invoking the duality result in Van der Hofstad| (2023al, Theorem 3.7)),
so it is without loss of generality to focus on 0 = 1. We first consider nonviral strategies (A < 1).

In this case we have

[P
=125

and

%)(\1)>0 <~ (1=0N)+6A>0
which is always true. We now consider viral strategies. We will show that the result holds for
all A > 2, and prove the case where 1 < A < 2 in [E.1l Both cases rely on the derivative of

expected influence with respect to A, which is given by

(19)

A Bp o 1A MR (-9t dp 1)
D\T— . T —a) A= )2  op(l—0 )2 CdN1—orp

We begin by finding an explicit formula for %. By and the implicit function theorem we

have
dp dp1\ o — pi(p1 —1)
At -1 hpulacd (p=1) _ AL 7))
) ((p1 )+ d/\)e =
So,
dApy) A —p1) (1=
o T T, 11— oy

It follows that can be written as

dix(1) _ opi(1=NA+p(1=0))  dpi(pr —1)(1 = Ap1)(1 — Adpy)
dA (1= Adp1)*(1 = Ap1) (1= Adp1)*(1 = Ap1) 7
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which is strictly decreasing (for A > 1) if and only if
(L=p1) (1= Ap)(1 = Aop1) < (A= 1)1+ pi(1 = 0)) (20)
Now observe that is true whenever A\ > 2, since in this case we have the chain of inequalities
(T—=p)XI=2p)(1—=Xop1) <1< A—=1<(A=1)(1+ pi(1—9)).

It remains to show that the inequality holds when 1 < A < 2. We sketch the proof strategy
for this case here but leave the details to the Online Appendix To prove the claim, we
rewrite in a way that gives us a simpler inequality that is sufficient to prove the claim.
We show that this simpler inequality holds when A = 1, and then show that both sides of the
inequality are strictly increasing for all A > 1. We conclude the proof by showing that at A = 2,
the RHS of this inequality is still smaller than the smallest value of the LHS, so the inequality

holds everywhere.

7.4 Proof of Proposition

First, 0 = 0 is always a best response to itself since
v—c+vZ\(0) =v—c <0,

so agents strictly prefer not to adopt if they expect others to do the same. Hence, no-adoption
(0 = 0) is always an equilibrium. It follows that full-adoption (¢ = 1) is an equilibrium if and
only if a mixed strategy equilibrium exists. A nonviral mixed strategy equilibrium exists if and

only if there is a o € (0,1) satisfying

VOO

1—3d\o
c—v

v—c+vI)\(0) =0 <= v—c+

& J\o =
C

while a viral mixed strategy equilibrium exists if and only if there is a o € (0,1) with p, < 1

satisfying
VOAO Po 1—Aops
— et (o) =0 = v—ct+ — T yip,—— P
v—c+vI(o) v C+1—5)\Upa vop v
_ (1 —
< dAop, = c = 5p0-)'
¢+ vps
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It follows that in the subcritical regime (when A < 1), we have a mixed strategy equilibrium if

and only if
c—v

oc

Moreover, when A < A, we have Ao < 1—2 for all o € [0, 1] and so o = 0 is the only equilibrium.

1>A> =\

This proves the first two cases of Proposition 3| Next, in the supercritical regime (A > 1), we
know from Proposition [2| that influence is strictly decreasing for any fixed o. In particular, there
exists a smallest A\, which we call A such that

— c—v(l-9

Nop, = S o= 0p1)

c+up

For any 1 < A < ), there is a full-adoption equilibrium, and this is the unique viral equilibrium
(the nonviral mixed equilibrium and no-adoption equilibrium are also still present). However, for
A > )\, full-adoption is no longer an equilibrium, since Aép; < %@;‘im, and so by Proposition
there is a unique viral equilibrium in mixed strategies determined by Ao = A. This proves the

final two cases of Proposition [3]

7.5 Proof of Corollary

The first equality holds because the LHS is necessarily 0 for all A < 1. The second inequality
holds because the fraction of agents in the largest component of G(n,p) can be made arbitrarily
small as A — 17, and in a full-adoption equilibrium (which exists as A — 17 by Proposition
the potential adopter network is all of G(n, p).

7.6 Proof of Proposition

The details of the proof are virtually identical to the proof of Proposition [} We provide a
sketch for completeness. The key difference is that when A is small, ¢ = 1 is the unique nonviral
equilibrium, since

c—v—vZy(1) > 0.

However when A becomes sufficiently large (exceeds \), full-adoption is no longer an equilibrium
since agents expect to influence too many others. This leads to a mixed strategy nonviral
equilibrium and no-adoption equilibrium when A < A < X. Finally, when A > X\, the giant
component is large enough such that expected influence under full-adoption is small, and so a

viral full-adoption (and viral mixed) equilibrium emerges.
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7.7 Proof of Corollary

The proof follows from Proposition[d]in the same way that Corollary [1] follows from Proposition 3]

As such, we omit the details.

7.8 Proofs of Propositions 5] and [6]

We first note that in the subcritical regime (A < 1), all equilibria are nonviral and so their
size is 0. Consider the diffusion of prosocial behaviors. By Proposition [3, we know that when
1 < XA < A\, the unique viral equilibrium is the full-adoption equilibrium. It follows that the
size of a large cascade in this equilibrium is simply 1 — p;, which is strictly increasing in A
since extinction becomes less likely as the network gets more connected. However, once A > X,
full-adoption is no longer an equilibrium and the unique equilibrium is the mixed strategy

equilibrium ¢* determined by

— (1 — dpy=
)\O_*(spa* — C U( P )’ (21)
C+ Vpo-
where
Pox = BAU*(l_p”*).

Since p,+ is a function of Ao*, and the equilibrium is unique, it follows that we must have
Ao* = X. In other words, in equilibrium, o is chosen such that p,- is held constant. Hence
when A > ), an increase in \ keeps A\o* fixed, and therefore o* must be strictly decreasing in \.
Finally, since p* is constant for all A > X, and diffusion is determined by ¢*(1 — p,-), we have
that the diffusion of prosocial behaviors is strictly decreasing in A in the largest equilibrium, as

claimed.

Now we consider the diffusion of antisocial behaviors. Proposition || tells us that when A < X,
there are no viral equilibria, while for A > X, there is a full-adoption equilibrium. Hence by the
same reasoning as in with prosocial behaviors, the size of a large cascade, 1 — py, is increasing

in A whenever A > \.

Proposition @ is immediate. The diffusion of prosocial behaviors is maximized at A = X, while

the diffusion of antisocial behaviors is 0 if and only if A < \.

7.9 Proof of Propositions

It is convenient to prove the proposition by way of the following Lemma.

Lemma 3. In the largest equilibrium, a marginal increase (decrease) in X has the following

effects:

o1



1. Prosocial Behaviors: No effect when 1 < X < X, strictly and continuously increases

(decreases) the size of large cascades when X\ > .

2. Antisocial Behaviors: No effect when A # X, and a discontinuous decrease in (no effect

on) the size of large cascades when A = .

Proof. We begin with the case of prosocial behaviors. If 1 < A < X, then by Proposition , the
largest equilibrium is the full-adoption equilibrium, so the marginal effect of a change in A on
the largest equilibrium is null— the full adoption equilibrium remains. On the other hand, if
A > X then a viral mixed equilibrium exists in which Ao = A, and hence an increase (decrease)
in A increases (decreases) o in order to maintain Ao = ), leading to a strict increase (decrease)

in the diffusion of prosocial behaviors.

Next we consider antisocial behaviors. In this case, the marginal effect of a change in A on the
largest equilibrium is only nonzero when A = ), since the largest equilibrium is no adoption to
the left of )\, and full adoption to the right of A\. At the point A = ), an increase in A leads to a
discontinuous decrease in the size of equilibrium. However, the marginal effect of a decrease in

A is always null because the discontinuity is right-continuous rather than left-continuous. O]

Since increasing § increases expected influence for all ), it shifts A upwards. Hence the case of

4 in Proposition [7] follows immediately from Lemma [3]

To prove the cases for v and ¢, observe that these moderate equilibrium spread through A, so
by Lemma [3| it suffices to show that \ is strictly increasing in v and strictly decreasing in ¢. To

this end, recall the definition

The RHS of the above equation is decreasing in v and increasing in c. In particular, since Adp;
is decreasing when A < ), it follows that if the RHS increases, A decreases. This implies that A

is increasing in v and decreasing in ¢, which completes the proof.

7.10 Proof of Lemma 2l

Suppose agents are playing the strategy o. Let Fj,(z) be the generating function for the
distribution over discounted finite “forward component sizes” in the potential adopter network
(not necessarily the whole network) from following a randomly chosen edge. Then as in Callaway
et al.| (2000) we have

Fi,(2) =02G1[1 — 0 + 0 Fy ,(2)], (22)
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from which it follows that
F17U(1) = 6G1[1 — 0+ UFlyg(l)] B (Spg.

We can find the expected finite forward component size in the potential adopter network by
taking the derivative of at z = 1 and substituting in the expression for F ,(1). That is,

_ 0Py
1-00G(1—0+0p,)
(23)

F{ya(l) =0G1[l —o+0F (1) + 50F1/7U(1)G'1[1 —o+0F ,(1)]

Since, in the limit, the graph is locally tree-like, each neighbor of an agent can be considered as an
independent cluster of potential influence (we discuss this in more depth in Online Appendix.
If o is nonviral, then p, = 1, and exposure gives no information about the degree distribution.
Hence the total expected influence of an agent i is F ,(1) multiplied by i’s expected discounted
number of potential-adopter neighbors: E[dA;] = oG’ (1). That is,

1 _ 60G(1)

Llo) = e < B = ey

When o is viral, there is a giant component of potential adopters. We consider two cases. The
first is that the seed is in the giant forward component (which happens with probability — 1
in large networks). In this case, expected influence is the expected finite forward component
through each neighbor; this is simply Fy ,(1) for each neighbor. The second case is that the seed
is in a finite forward component, in which case an agent is pivotal for the information reaching
the giant component. We return to this second case at the end of the proof, for now we calculate

the expected number of neighbors conditional on exposure.

Let §; denote the event that at least one neighbor of a randomly chosen vertex i is in the giant
component of potential adopters. Let A; denote the number of neighbors of ¢ who are potential
adopters. Let d; denote i’s degree. The quantity we need to find is E[4; | S;], since the total
discounted expected influence is Fj (1) x E[A4; | S;]. By the law of total expectation,

E[A; | 8] =) E[A; | S;, di]P(d; | Sy).
d;=1

By Sadler| (2020, Theorem 3),

1—pg :
]P)(AZ =k ‘ Sladz) = 1 (1 o1 O’pg)diP<Bln(d’ O') = k})

23



So we have

E[A; | S;, d] Zk ( L=/ P(Bin(d;, o) = k)) .

1—(1—0+op,)%

Now notice that (dropping the i subscripts for readability)

1—(1—0—1—0/)0 1_Ek20pk(1_0+0-po)k‘

E[Als,dmczm:[ik( Lo )dmgin(d,a>:k))”pd(1—<1—a+apa>d)

d
- ! k ) B
T 1= Go(l—0 1 opy) ; kpa (1 — pf) P(Bin(d, o) = k).

By Tonelli’s theorem, the double sum ) 37, >~ can instead be computed as

k(1= p5) " paP(Bin(d, o) = k)

hE

> kpa(1-pf) P(Bin(d,0) = k) =

k=1 d=k k=1 d=k
- A
= S k- ) 600 - 0)

T

1

Subtracting 1 from the above expression (for the link along which exposure occurred) gives us
the numerator for expected influence under viral strategies. Hence if the seed is in the giant

forward component then expected influence is
2 k(1= ph) G (1 -
FL(ELA, | 5] = e L MG U ma)
’ 1—00G(1—0+0p,) 1—G0(1—0—|—0p0)

@)
1—00Gi(1—0+o0p,)’

S5 k(1-pk) 7 G (1-0)
where G’ (1 (1) = == Gofl_;la}l,) :

forward component (the “second case” mentioned earlier in the proof), the contribution to

It remains to prove that when the seed is in a finite

discounted expected influence is negligible and so the above expression indeed captures the
influence in line with Lemma [2] It follows from the above analysis that the seed is in a finite

forward component with probability w

where cn is the size of the giant component.
We show that in this case the expected influence is o(n). To this effect, notice that the expected
size of influence is this case is bounded above by a branching process with expected offspring A9,
since this would be the expected offspring in the absence of any indirect paths. We decompose
this branching process into two parts. The first part counts all agents within loglog(n) graph

distance of the root, and the second part counts all agents greater than distance loglog(n) of
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the root. The first part grows as:

(Aga)loglogn+1 -1
Aod — 1
(()\O_é)loglogn)

((log n)log(k"‘s)) = o(n).

L+ X084+ (Aod)* + - -+ + (Ago)leelosm =

O
O

where the second last equality follows from the fact that r'°8™ = elogrloen — plogr  Next, letting
§ = e? for some b > 0, the second part (agents greater than loglogn steps from the root) grows

at most as fast as
cn

(logn)®

where c¢ is the fraction of agents in the potential adopter network. This bound holds because

loglogn
§loelog

= o(n),

cn =

there are at most cn agents that could possibly be influenced, but these agents must be dis-
counted by at least 6'°¢1°¢™ under our construction— the entire forward component size is “too
far way” from any one agent to make a nontrivial difference to the calculation of expected influ-
ence. Hence the total expected influence in both the first and second cases is o(n), whence the

contribution to expected influence in the case where the seed is in a finite forward component is

H,(DE[A; | Si]

cn

x o(n) = o(1),

and therefore contributes negligibly, as claimed.
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Online Appendix

A Poisson Model

A.1 Branching Processes and Duality

There are several texts one can consult for a detailed treatment of branching processes, e.g.[Van der
Hofstad| (2023a)); Athreya and Ney (1972). The most important results on Galton-Watson
branching processes are also outlined in Appendix A of [Sadler| (2020)). As such, we confine our-
selves here to presenting results on the duality properties of supercritical branching processes,
and for this we follow |Van der Hofstad (2023a)).

Let D = {px}r>0 be a probability distribution over the nonnegative integers, and suppose that
D is the offspring distribution of a branching process. The branching process is said to be
suberitical if E[D] < 1, and supercritical if E[D] > 1. This is because the extinction probability,
p i.e. the probability that the branching process eventually dies out, is 1 if E[D] < 1, and
strictly less than 1 if E[D] > 1.

Let Gp(z) = 3, prz* denote the generating function for the distribution D. Then the extinction
probability p is defined by the smallest solution in [0, 1] to the equation p = G'p(p).

Call the distributions {py }x>0 and {p, }r>0 a conjugate pair if
= 0"

It is easy to check that {p} }x>o is a probability distribution, since

k=0 it
k=0 k=0
= p~'Gp(p)

It turns out that the distribution for a supercritical branching process conditioned on extinction,
is precisely equal to the conjugate distribution defined above. This is stated formally in the

following theorem.

Theorem A1 (Van der Hofstad| (2023a, Theorem 3.7)). Let {pi }r>0 and {p} }x>0 be a conjugate

pair of offspring distributions. The branching process with distribution {pg}r>0 conditioned on

Al



extinction has the same distribution as the branching process with offspring distribution {p }x>o-

The proof follows directly from Bayes’ rule. Theorem takes on a particularly nice form for
Poisson branching processes. Let {px}r>0 be a Poisson distribution with mean A. Then the

generating function is given by
GO('Z) = eA(z_l)v

and therefore the extinction probability p = p, satisfies

If A > 1, then a branching process with offspring distribution {py}r>0 is supercritical, and
therefore by Theorem the distribution conditional on extinction is

S S R OV

where the second equality follows from Eqn. (Al]). But this distribution is again Poisson, with
mean

/L)\E)\p/\ < 1.

It follows that a branching process with offspring distribution Po(\) (where A > 1) conditioned
on extinction, has the same distribution as a branching process with offspring distribution
Po(Apy). We call a branching process with offspring distribution Po(Apy) the subcritical dual of

the supercritical branching process with offspring distribution Po(\).

Once we introduce percolation, the branching process has offspring distribution Po(Ao), and so
the subcritical dual has offspring distribution Po(Aop,), where we omit the dependence of p on
A for readability. Finally, although we formally prove Lemma [I| in Appendix of the paper,
this duality gives us another way of seeing why the influence function takes on the specific form

that it does. In particular consider the following theorem.

Theorem A2 (Van der Hofstad| (2023a, Theorem 3.5)). Let T' denote the total offspring of a
branching process with i.1.d. offspring X, having mean offspring u < 1, then

It follows from Theorem |A2that the expected offspring of the subcritical dual branching process

in our setting is




This is remarkably close to our expression for the expected influence. The mean of the offspring
distribution in our case is Ao, but we discount each generation by 9, so the effective mean is d \o,
leading to E[T] = (1 — dAa)~! for each of the §Ac neighbors an individual has (in expectation).
On the other hand, in the supercritical regime (Ao > 1) expected influence only counts agents
along paths that go extinct. When we choose an edge at random in the network and follow it
to a vertex incident with it, the vertex has, in expectation, Aop,, “forward” potential adopting
neighbors along paths that go extinct, so the mean of the relevant offspring distribution is
dAop,. Hence the expected influence is just E[T] = (1 — dAop,)! for each neighbor. The
exact calculation for the expected number of neighbors in this case is complicated due to viral
inference (see Appendix for more details).

The reason we can obtain this result via branching processes is that the Erdos-Rényi random
graph is intimately related to a branching process with Poisson offspring distribution. We
omit the details here, but one can show that G(n, A\/n) converges “locally in probability” to a
branching process with offspring distribution Po(\) (see Van der Hofstad|, 2023b, Theorem 2.18).
In other words, our analysis of G(n, A\/n) in terms of Poisson branching processes can be made
precise. We take this approach in the following proof, but present it in a slightly more flexible

way that also works for graphs with an arbitrary degree distribution.

B Influence

This section provides a rigorous foundation for our definition of influence in finite graphs and
its behavior in the limit as n — oo. The following explanation can be easily adapted to a graph
with an arbitrary degree sequence, and even any distribution over values v. In our case, the

degree sequence is Poisson and the distribution over values is a point mass.

Fix a graph G = (V,E) on V = {1,2,...,n} vertices with edge set E, and fix a strategy o
which induces a subnetwork of potential adopters G, = (V,, F,) C G. Let s € {1,2,...,n} be
the seed agent, and for each vertex j define Pg, (j, s) to be the set of all paths in the potential
adopter network G, from j to s. That is,

Pa., (4, s) = {vovr, ..., v k € N, vuq € E, for all 4, and v; are distinct}.

Write G, —{i} for the graph obtained after removing from G, the vertex ¢ and any edges incident
with it. Write G, 4+ {i} for the graph obtained by adding ¢ € V' to the subgraph G, C G. If
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i € Vg, then G, + {i} = G4. The influence set Inf(i) = Inf(¢ ¢, 3 (¢) of i in G is defined byﬂ

Inf(z) = {j eV: PGaJr{i}(ja S) 7é ®7 and PGa*{i}(ja 8) = @}

That is, the set of all agents 5 € V,, for whom every path to s contains ¢, if 7 were in the potential
adopter network. Now, if Inf(i) # (), then at least one of i’s neighbors is in Inf(z). To see this,
note that if every j € Inf(i) is not a neighbor of i in G, + {i}, then any path from j to s must
pass through at least one of i’s neighbors. If we let P = vgvy,...,v; € P(j,s) with vy = j and
v = 8, and k > 2, (by the assumption that j is not a neighbor of i) then there is some ¢ < k
with vy = 4, and where v,_; # j is a neighbor of i. But if v,_; ¢ Inf(i), then there exists some
other path from v,_; to s not passing through . Call this path P,. Then Pw_lPﬂ is a path

from j to s not containing ¢, a contradiction of the fact that j € Inf(q).

This gives us a useful way to reformulate i’s influence set. We have j € Inf(7), if and only if 4
separates a component of agents containing j from a component of agents containing s. This is
useful because if i’s influence set is nonempty, then as we have seen, ¢ has at least one neighbor
over whom he has influence, and every agent over which 7 has influence is connected to one of
i’s neighbors. Hence for any j € Inf(i), we know that j is in a component with at least one of
1’s neighbors. If follows that if ¢ is connected to the seed, then i’s influence is the sum over the
component sizes in G, — {i} for each of his neighbors over whom he has influence (being careful
not to double count if two of i’s neighbors are in the same component). Formally, letting C(j)
denote the component in GG containing j, and letting Ng(7) denote the set of neighbors if i in

G, we have
Uj; $¢CGq—1iy(9) CGu—{i} (J)(S>> s € CGaJr{i} (Z)7
(Z), S ¢ CGa+{z‘}<i>~

In words, the influence set of ¢ is the union over all components containing i’s neighbors who

Inf(i) = (B2)

are not on some alternate path back to the seed. Now, in our model 7 discounts the value of
their influence over those in their influence set by a discount factor 6 < 1. So given an influence
set Inf(7) in a graph G with potential adopter network G, and seed s, we define i’s benefit from
z'nﬂuenceﬂ as the polynomial

T(G,Gu s} (0) = Z 8,

jJEf(3)

where ¢;; is the length of the shortest path between ¢ and j in G,+{i}. In our model, G and G,

Influence is defined for any vertex in G and not just in G, because agents outside the potential adopter
network still consider what their influence would be if they were to join the potential adopter network.

2This notation is standard in [Diestel (2000).

3Importantly, i’s benefit from influence is not the same thing as i’s influence set. The benefit from influence
discounts agents in the influence set by their graph distance to i. We use the term “expected influence” in the
paper to mean the “expected benefit from influence”.
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are both random. This is because nature draws a graph G = G(n, p), and then G, is determined
by a realization of the strategy o. We can view Zy¢ ¢, s,1(0) as a random variable contingent on

the realizations of G, G, and s. We now show how to calculate the expectation of Zis g, 5.} (0).

Fixing a realization of the graph G, the potential adopter network is determined by n indepen-
dent Bernoulli experiments, each with success probability ¢, and so the probability that any
particular potential adopter subgraph is realized is determined by a polynomial in o. Since
agents are aware upon exposure that at least one of their neighbors has adopted, they condition
the probability of realizing any particular potential adopter network on the knowledge that at
least one of their neighbors is a potential adopter. It follows that the conditional probability is
a ratio of positive polynomials in the adoption probabilities o. Finally, the seed agent is chosen

uniformly at random.

However, in our model, strategies are conditional upon exposure, i.e. ¢ has the opportunity
to act only if they are in the same component as s. Agents don’t know the time period t at
which they are exposed, nor do they know which of their neighbors exposed them, as such,
upon exposure they condition on the fact that they are connected to the seed in the potential
adopter network, and on nothing else. So the quantity we are really interested in is ¢’s expected
benefit from influence conditional on the event S; = {s € Cq, 44 (i)}. Note that since Inf(i) =
() on the complement of S;, the expected benefit of influence EU[I{G,GE,S,i}(é)] is identical to
Eo[Zi¢,G.,5:(0)1Ls,]. Hence for any agent i, ex-ante the expected size of i’s influence under the

strategy o € [0, 1] and conditional on S; is

E,[Z(6.6,51(0)1s]
P(S;)
Ko [Zig,a.si1(6)]
P(S;)

- % Y3 TieusnyO)PG)P(Gy | G,0)P(s | Ga, G, 0),  (B3)
VG Ga s

Eo[Zic,Gasiy (0) | Si] =

where P(s | G,,G,0) = -1 is fixed and independent of the choice of G and s, while each
P(G, | G,0) is polynomial in o, and each P(G) is a number in [0, 1] determined by the degree

distribution.

The most important consequence of this is that the expected benefit from influence upon ex-
posure is a continuous function of ¢, since it is a ratio of polynomials in ¢ with a denominator

that has no roots in [0, 1] (except at ¢ = 0 which is trivial).

We now take a closer look at what happens as n — oo. We have proved that ¢’s influence can

be obtained by looking at the union over the components containing i’s “forward neighbors”,
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that is, those neighbors who are not in the same forward component as the seed. We claim that
as n — 00, in the absence of a giant component every agent ¢ of degree d has influence over
d — 1 of his neighbors with probability 1 — o(1).

To prove the above claim, we use a Lemma from from Bollobds & Riordan (2015) which es-
tablishes that the configuration model produces a locally tree-like graph. Given a graph G, let
G<i(v) denote the subgraph of G induced by the vertices within distance ¢ of v; that is, up to
the “t-th neighbours” of v. Let 7 = Tp be a branching process (or a “random rooted tree”) on
Xy, Xo, ... with X; ~ D', the forward degree distribution (independently for all 7). As with G,
let Tp|; be the subtree of Tp induced by the vertices within distance ¢ of the root (that is, the

first ¢ generations of the process).

Lemma B4 (Bollobas and Riordan| (2015))). Let v be a vertex of G = G} chosen uniformly at
random. Then we may couple the random graphs G<;(v) and Tpl|; so that they are isomorphic

as rooted graphs with probability 1 — o(1) as n — oc.

This gives us the following corollary.

Corollary B3. Let v be a vertex of G = G} chosen uniformly at random. Ift > 1 is a constant,

then w.h.p. the neighbourhood G<(v) of v in G is a tree.

Suppose that the graph has no giant component of potential adopters, so that all component sizes
are finite. Consider choosing a vertex ¢ and random, and suppose ¢ has degree d. Corollary
implies that if 7 is exposed then with probability 1 —o(1), ¢’s removal from the potential adopter
network creates d — 1 additional components— one for each of his neighbors— by separating
them from the component containing s. This is because by assumption all of i’s neighbors
are contained in finite components, and so for any ¢ > 0 we can choose a finite size t such
that the fraction of vertices in Inf(i) which are also contained in the tree G<;(v) (minus the
component containing ¢ and s) is 1 — e. It follows that i’s expected benefit from influence
is simply the expected discounted “forward component size” of each of his neighbors who are
potential adopters. When agents do not know their own degrees, they compute the expected
influence through each of their forward neighbors. In expectation there are cE[D'] = oA forward
neighbors who are potential adopters. Since each neighbor is (w.h.p.) contained in a separate
forward component, i’s expected benefit from influence— i.e. total influence discounted by é—
is 0o AJ\(0) where we define J)(o) to be the discounted number of agents contained in the
component of one of i’s potential adopting neighbors, under the strategy o. Equivalently, we
can define J, (o) as the expected influence of an agent with one forward neighbor in the potential

adopter network. In the limit as n — oo we have an explicit expression for the component sizes
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and forward component sizes (See (Callaway et al.|(2000) and Newman et al. (2001))), namely

oo

I)\(O') = (SAO'j(O') = m

(B4)

It remains to consider what happens when there are components of infinite size in the potential
adopter network. We would like do define influence analogously to the above- as the expected
discounted forward component size. If the seed is connected to the giant component on paths
not passing through 4, then ¢’s influence is the discounted finite forward component size.ﬁ This is
because all agents not on finite forward components will be exposed independently of the action
of ¢ (a different chain of people from the giant component will reach them). Hence when the
seed is in the giant forward component, the influence of an agent i of degree d is, in expectation,
their discounted number of potential adopting neighbors multiplied by the expected discounted
forward component size through each of these neighbors, conditional on those components being
finite (i.e. the paths dying out). This turns out to be precisely the expectation of the generating
function Fj ,(z), which we define in Appendix of the paper and we show its expectation to
be

) 0Py
Fo() = 1-00G) ,(1 =0 +0ps) (B5)

where p, is the forward extinction probability. When p, = 1, coincides with J (o)
from (B4)). However, due to viral inference the expected number of potential adopting neighbors
is different when strategies are viral. Let E[A; | S;] be the expected degree of a randomly chosen
agent in the giant component. Let F be the event that the seed is in a finite forward component,
and let cn be the size of the giant component. Then total expected influence for large n under

viral strategies is
Iy(0) = Fi ,(1)E[4; | 5]

as n — 0o. As we show in Appendix of the paper, the correct expression E[A; | §;] is

> k
k(1 — G - 1.
1—G0(1—U+0pg Z Pa) 3y Go (1= 0) -

k=1

E[4; | Si] =

This concludes our formal discussion of the notion of influence.

B.1 The case of 6 = 1.

A special case arises when § = 1. In this case, the externality is perfectly global in the sense

that agents receive utility from all others’” who adopt, independently of their position in the

41t is possible that the seed is connected to the giant component only on paths passing through 4, but in this
case the contribution to expected influence is negligible, as we show at the end of Appendix in the paper.
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network. In particular, agents care about the actions of those who are infinitely far away from
them.E] When the network is subcritical, all paths within a single component are finite and so
l;; < oo for all j in the same component as . But when the network is supercritical, the giant
component contains infinitely long paths, so there may be agents for whom ¢;; = oo and ¢ can
“influence” j in the sense we describe shortly. As such, it is important to distinguish between
the case where 6 < 1, where agents only care about “local adoption” and § = 1 where agents

care about global adoption.

The key change to expected influence comes when analyzing the case where the seed belongs
to one of the finite forward components. Despite the vanishing probability of this occurring,
when 0 = 1 these events contribute non-negligibly to expected influence because ¢ is essential
for connecting the seed to the giant forward component. The contribution to expected influence
of this event is given by the product of the probability of the seed being in one of the finite
forward components and the expected influence in this event. If the giant component contains

a fraction ¢ of the vertices, then the probability that the seed is in one of the finite forward

Aopg
1—Aops Po

components is (in the limit of a large network), which goes to 0, while the expected

size of influence diverges to cn. Hence, the contribution to influence is the product of these and

Aops
1-Xopo Po-

is equal to

Therefore, when § = 1, the expected influence function Zy: [0,1] — R is given by

() liio if \o <1, (B6)
I)\ o) = B
2(—1:\%‘;0 —po) if Ao >1

where p, is as in . A similar expression can be derived in the case of a graph with an arbitrary

degree distribution.

C The Degree Distribution

In order for lim,, ., d™ to be well-behaved, we assume—as is standard—that there exists a

distribution D with finite expectation and with p.m.f. {px}ren, such that for each k € N,

d®
lim w = pg, and (C7)
d™) E(D
lim ™4™ _ E(D) (C8)
n—oo n 2

5Here, we are adopting the convention that 1°° = 1. This is essentially the same as the convention in measure
theory that +o00-0=0.
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The function ng(d™) is the number of vertices of degree k in d™, while m(d™) is the number

of edges in the graph with degree sequence d™.

Under these conditions, all of our quantities of interest (the extinction probability, size of the
largest component, etc.) are analytic except at the critical threshold (see|Janson, [2009, Theorem
3.11 for details). This justifies (among other things) our implicit differentiation of p, in the proof
of Proposition [2|

D Equilibrium

Although we analyze equilibria in the “limit-game”, our pure strategy equilibria exist in any
game with sufficiently large n, and our mixed strategy equilibria are limits of mixed equilibria in
the finite games (as n — 00). To see this, consider the case where a prosocial behavior diffuses
on the network. Note first that for all n, we have Z,(0) = 0, so consider the case where o = 1

is a strict pure strategy equilibrium in the limit-game.

Since o = 1 is a strict pure strategy equilibrium, it must be that Z)(1) > ¢ — 1. But since

I\ (o) converges to Zy(c) as n — oo, there must be some N for which Z\"(1) > ¢ —1 for all

n > N. Hence 0 = 1 is an equilibrium in all sufficiently large games.

Finally, suppose o € (0,1) is a nonviral mixed strategy equilibrium of the limit-game. Then
T\(0) = £ —1. Now fix € > 0. As above, for sufficiently large n we must have that Iin)(a +e) >
¢—1and Ii")(a —¢€) < £ — 1 (alternatively, for viral equilibria the inequalities are reversed).
Hence by continuity of Iﬁ\") (o) (established in Appendix, there is a mixed strategy equilibrium
in (0 —€,0 + ¢€), i.e. within distance € of 0. Hence we may take a sequence of mixed strategy
equilibria within € of o for each n sufficiently large. Taking ¢ — 0 implies that the equilibrium

o can be recovered as the limit of mixed strategy equilibria in the finite games.

E Proofs: Additional Details

E.1 Remainder of Proof of Proposition

Recall that our aim is to show that the following inequality ( in the paper) holds for all
1< A<2:

(1= p1)(1 = Ap1)(1 = Adp1) < (A= 1)(1 + pi(1 —0)).
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To begin, it is convenient to rewrite the inequality as

(L= Ap1)(1 = Adp1) A1
L+ pi(1—-9) 1—p1

Observe that for any ¢ € (0, 1),

Nopt+dp(A—1)>0
Nops + Nop1 — 6p1 > 0
1+ p1—8p1 > 14 pr — Aip1 — Aop?
1+ p1(1—68) > (1= Xop1)(1 + p1)

(L4 p1(1 =6))(1 = Ap1) > (1= Adp1)(1 + p1)(1 = Ap1)
1=Xp1 (1= Ap)(1 = Adpy)
L+ 1+ pi(1—9)

el

Hence it suffices to prove that

<
I+p1 1—p

forall1 < A <2.

To this effect, consider the limit

L = lim = .
A1t —%\1 pi(l —p1)

A second application of L’Hopital’s rule gives

—py — N1 1 —-A
L= lim 700 fim (lim n ) + (lim )
A1t ﬁ(l — 2,01) A—1t — B A1+t 1 —2py A=1+t 1 —2py

On the other hand, we have

= L.

1—A 1
lim \p; =1 = lim PL_og<=
A—1+ A1t 14 P1 2

This shows that holds as A — 1*. Next we show that both sides of are strictly
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increasing. The LHS is immediate, since

>0 >0
oo >0 d >0
P1 P17 N
d (1= _ ") (Lt p1) == (1= An) o
dA \ 14 (L4 p1)?
For the RHS, we have
i(/\—1> _l-p RO
dA \1—pm (1= p1)? 7
which is positive iff
pi(pr—1)
1— A=1) (| ——=
ot )<1—)\Pl)>0
(A—=1)p
1> 2 Pt
= 1> v
= n< 5
To prove the last inequality above it suffices to show that
1
M) o (E9)

20— 1’

since this would imply that the smallest solution in [0, 1] to the equation p; = ***=1) must be

at some p; < 5i—. By using the fact that

. A( 1 1):2)\(1—)\):1{1—(2)\—1)2}

oA -1 2N —1 2 2N —1
1] 1
25{2)\—1_@)\_1)]
1 1
= 4+
2on—1) 2 "

so we can rewrite (E9) as
e <€2(2;_1)+%(2>\ —-1)— e)‘> <0.

At A =1 the LHS of the above inequality is equal to 0, so it suffices to prove that the function
FO) = emm 320 — 1) — &

is strictly increasing. To show this, first note that for A > 1,

3N+ 2
20— 1

20 —1)>0 = 2A—-DA=3A+2>0 = A >

All



Next recall that log(1 + z) < x for all z # 0, so we have

A g (14 (12 S N Sk Y
A1 8 I — 1 I — 1 IM—1 2a—1 7

Exponentiating both sides gives
A 4)\ 3 A

22—1
(& 2)\_1 < e,

Finally, some algebraic manipulation shows that

df _ o A=

ax oA —1°

A
So we see that df > O iff e* > e22-1 4:\\ i’, which we have proved! This proves 1} which in turn

d (A=l >0
dA 1—p1

for all A > 1. To summarize, we have thus far shown that

proves that p; < 53—. Hence

1 1 1—
lim 2 = ->0= lim Aoy (E10)
A—1+ \ 1 —p1 2 A—=1+ 1+p1
>0 El1
(1—01) (E1L)
d 1—)\p1
< . E12
5 ( 1+ ) >0 (E12)

To complete the proof, we show that ’\p L | e 2< , which shows that holds when 1 < A < 2.
It suffices to prove that at A = 2,
p1 =

since this would imply

But for this it suffices to show that

—_

62(%—1) >

since by definition of p; this means p; > 1. It is easily verified (numerically or otherwise) that
1
271 ~0.202 > =

and this proves that holds for 1 < A < 2, which in turn proves that

dZ)(1)
d\

<0
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for all A > 1, as desired.

E.2 Note on Proposition

We used the notation C () in the text to refer to the fraction of agents in the largest compo-
nent of the potential adopter network in the largest equilibrium. This is different to the ex-ante

expected size of diffusion, but the comparative statics are the same for both. In particular,
Cip(A) =0"(1 = po+),

where ¢* is the largest equilibrium under g and given A, while the ex-ante expected size of
diffusion is

Cy5(\) x P(seed triggers a large cascade) = o*(1 — py=)?,

so we see that the relevant comparative statics are identical from the ex-ante perspective.

F Extensions

F.1 Discussion of the Assumptions
F.1.1 Nonconstant Values and Transformation of Influence

To isolate the strategic effect of influence, we took the spillover v to be constant for all agents. In
some strategic settings, the value from influencing additional agents to take the action depends
on how many agents one anticipates are already going to take it. For example, the marginal
benefit from participation in a public protest may be smaller when a large number of agents
are already attending— in other words, the value of participation exhibits diminishing marginal

returns.

To this end, fix A and suppose that v = f({,) # 0 is a weakly decreasing function of (,, where
(o = 0(1 — p,) is the size of a large cascade under the strategy U.E] Then analogous with ,

agents prefer to choose action 1 when Z, (o) > @ — 1. Since ﬁ is weakly increasing, and

crit it follows that either all equilibria are nonviral, or

Z)(o) is strictly decreasing for ¢ > o
there is a unique viral equilibrium. Since influence attains its maximum value at the critical
threshold, a unique mixed viral equilbrium exists if and only if influence exceeds the threshold
at the ot

1 c

crit c
IA(O' )>W_1 <~ 1_5>f(o-crit)'

SMore generally, we may take v = f(o) for a decreasing function of o and our main results on viral equilibria
are preserved.
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It follows that whenever a viral equilibrium exists, our characterization in Proposition |3| remains
virtually unchanged for A > 1— a viral full-adoption equilibrium emerges continuously around
A = 1 and there is a threshold A at which the unique viral equilibrium transitions to a mixed
strategy. The figure below shows expected influence against ﬁ — 1 for the special case where
f(¢,) = 1 —={(,. This choice of f means that for any nonviral equilibria, f({,) = 1, so the
threshold at which nonzero equilibria emerge is ¢ — 1. In the figure below we take § = .8,¢ = 2

and \ = 2.5[

00 02 04 06 08 10

Figure F1: Externalities which decrease in the fraction of the population that adopt have the
same qualitative features as our model whenever a viral equilibrium exists.

The figure demonstrates that the characterization in Proposition |3 applies here: importantly at
A\ = 1 a viral full-adoption equilibrium emerges. As ) increases there is a threshold A at which

the unique viral equilibrium transitions to a mixed strategy.

Another natural change to the values in the utility function would be to allow for heterogene-
ity. If values were unknown but drawn from a common, atomless distribution, say v; ~ V), then
agents’ strategies become a function of their privately realized value: o = o(v;) (Appendix[F.1.3]
relies on a similar analysis). Fixing any (symmetric) strategy o(v) from other agents, an indi-
vidual’s best response always take on the form of a threshold: if v > v*, take action 1, if v < v*
take action 0. Hence equilibrium takes the form of a threshold rule: all agents with “sufficiently
high” values take the action. As such, expected influence can be computed by conditioning the
branching process on agents having values at least v*. As long as this occurs with probability
that is independent of agents’ degree, it simple scales down the size of the potential adopter
network in the same way as A\ or o. For example, if agents play adopt when v > v* and don’t

adopt otherwise, then nonviral influence would be given by

IAP(v > v*)
1 —0AP(v > v*)

"These choices of parameter values give us a natural comparison with Figure we could alternatively take
c=1and f(¢,) =0.5(1—(y)-
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The analysis in this case becomes rather tedious without—as far as we can tell—adding any new

qualitative insights, so we view our assumption of homogeneous values as a useful benchmark.

A related but distinct assumption in our model is that influence directly scales v (or more
generally, some function of v). If influence were transformed by some function the qualitative

features of our model would not change as long as the transformed influence is weakly increasing

for 0 < o and weakly decreasing for o > o, So, for example, any positive monotone

transformation of influence preserves the qualitative features of our model.

In sum, our model is robust to several alternative utility specifications including diminishing or

heterogeneous values and transformations of influence.

F.1.2 No Viral Inference

In our model, agents correctly update their beliefs about their expected degree upon exposure
when there is a giant component of potential adopters in the network (this is viral inference).
A natural question is whether our results change qualitatively if agents are naive in the sense
that they take the degree distribution to the be that of the underlying network regardless of
whether they are in the giant component. Since exposure informs an agent that at least one of
their links is in the giant component, it stands to reason that viral inference should decrease
the expected influence relative to naive beliefs. It is easily shown that expected influence in a

naive version of the Poisson model is given by

OGP,

so the —d0p, term in Lemma [I]is the “correction” due to viral inference.

In Figure [F2] we plot the expected influence accounting for viral inference, relative to expected
influence with naive updating. We plot this only for A > 1 since this is the only time viral
strategies exist, and we mark A < X as the upper thresholds for emergence of viral mixed
equilibria under VI and no-VI. We see, as explained in our analysis above, that the expected
influence under naive updating lies strictly above the expected influence with viral inference:

agents believe they are too influential.

To conclude this section, we emphasize that the introduction of viral inference into the model
did not change the qualitative results of our characterization of equilibrium precisely because
the expected influence remained qualitatively the same as in the Poisson model. Our analysis
of graphs with an arbitrary degree distribution is in many ways analogous (see next section)

and we provide further examples illustrating the same point.
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Figure F2: Influence with (Z,) and without (Z)) viral inference

F.1.3 Knowledge of Degrees

A critical assumption that simplifies our analysis is that agents do not know their degree. In
the settings we are primarily interested in (e.g., participation in a protest), this is a reasonable
assumption. In other settings, it may be of interest to know how agents behave when they have

knowledge of their degree.

Suppose that agents know their degree. Then, strategies become functions of the degree, i.e.,
o: N — [0,1]. Since the graph is locally tree-like, higher degrees translate multiplicatively into
higher influence. Under degree distribution Dy and strategy profile o = {o(d) }4>0, the expected

utility from a prosocial action by an agent of degree d is
Eplug(o,d))] = (v+c¢) +v(d — 1)Zy(0o).

It is straightforward to observe that equilibrium Bayesian strategies will take a threshold form.
In the case of a prosocial behavior, agents adopt (not-adopt) with degrees strictly above (below)
a threshold degree k"7 and may potentially mix at the threshold Note that agents with
d = 1 either never (always) adopt in the case of prosocial (antisocial) behaviors. Existence of
equilibria can be proved from Brouwer’s fixed point theorem, and we can write down an explicit
form for the expected influence Iy(o) in terms of generating functions. The fact that influence is
maximized at the critical threshold A = 1 suggests that prosocial behaviors emerge continuously

and antisocial behaviors emerge discontinuously in this setting as well.

80f course vice-versa in the case of an antisocial behavior.
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F.2 A Note on Condition

Condition [1] can be weakened to the following.
Condition 2. Let ¢ € [0,1] be any strategy.
(i) If o is viral, then Zy(o) is strictly decreasing in o.
(ii) Zy(1) is strictly decreasing in 6 for all § > 6t

In Condition [2| we have removed case (i) of Condition [1|since we can show it always holds, and
we have replaced the condition that Zy(o) is strictly decreasing in 6 for all viral o, with the
condition that this is true at ¢ = 1. This amended condition is sufficient for virtually the same
equilibrium analysis as we did in the Poisson model, because full-adoption of prosocial behaviors
is always an equilibrium around the critical threshold, and (ii) guarantees that as 6 get large

there is a point where full-adoption is no longer an equilibrium.

F.3 Additional Working for Examples in Section
F.3.1 Zipf Distribution
It is easily shown that

1—e@

1—e %z

Gl(z)
Thus, the extinction probability p, = G1(1 — 0 + 0p,) is given by
Dy = - (F13)

where we define = (e* — 1)~!. Tt follows that the critical threshold i for the emergence of
the giant component is simply 6 = 1 (or equivalently, & = In(2)) so that an equilibrium is viral
iff 6o > 1[]

We will do everything here in terms of «, but it is straightforward to translate all our results in

terms of § = (1 — ¢®)~1. In general the generating function for a Zipf distribution is given by
Go(z) = 2" (27, 1, k).

So in the special case where k£ = 1, we get

~ In(1—e%z)
Go(z) = m.

9The reason we define § = (e® — 1)~! is so that can write the results here in a similar way to the Poisson
model where virality depended on Ao.
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It follows that
_Golz)  1—e®

CGH(1) 1—er’

as claimed. The extinction probability p, under the strategy ¢ must satisfy

G1 (Z)

1—e@

- l—e(l—0+o0p,)

Po
We claim that p, = 6(17_1 solves this. To see this, observe that

Po (1 - e_a(l — 0+ Jpa)) = _nge_"‘ + (1 - e_a(l - 0)) Pa,

and so substituting p, = eaU—1 we get
2
e*—1 e*—1
_ —a (191 —
<U>(ae+(e(0))a
1, ) ) .
== [ (" —2e"+1)e*+ (" —1—1+e*)+0o(l—e )]
o
1
=—0(l—e™)
o
=1—e°

and so =1 is a fixed point of the equation p, = G1(1 — 0 + 0p,). It is in fact the smallest
solution and therefore the extinction probabilitym

Importantly, it follows from our analysis that
opy, =€ — 1.

To calculate the expected influence, we first calculate

, el —-e™ e*—1
Gz = U=

(1 —e2z2)? (e> — 2)%

10We omit the details here but this follows from the fact that it is the smallest root of the quadratic which
solves p, = G1(1 — 0 + 0p,).
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Soat z=1—0+ 0p,,

= G ~ o)
et —1
(e — e 4 0)2
e —1
o2

_ P
o

Hence oG (1 — 0 + op,) = p,. The last step is to calculate the expected number of neighbors
1 P P

who are potential adopters. We have

(k)1 o) — (k=1) 1 _ pave _ _(/C — 1>!(€a — 1) 1
Go (1—0) =G (1= 0)Go(1) (e —(1—0))F ~ (eo—1)In(l — e
and so
00 o g ‘
k-t -t S () - () |
Now,

5 () -

k=1

and similarly,

(o ))’“:a/(e“—(l—a)): L e

1 - O— OpPo 2 1 a Upa 0—
ot (ea_(q_o) _ 1) —(1=0)
Finally, we have
1 B 1 _ In(1-e7)
1-Go(l—0o+0p,) 11— 1:112(16::70«1)) ~In(e® — 1) —In(o)’
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Making the substitution p, = 6617_1 and putting everything together, we have

1 - o*
k(1 —pF)a® —
1—G0(1—U+0pg); ( p”)k!GO (1-o)
1 1
inGer) 7 1)
1—p2
—po In(ps)

Hence the expected influence when o is viral (making the substitution = (e*—1)"! = (op,) ")

1S

Ty(0) = 0po { 1—p2 _1}: 0po { 1—p2 _1]
o 1—0dG (1 -0+ 0p,) | —psIn(ps) 1—68p, | —poIn(ps)
5<1 B chf) 5pa

_(1 - pa) ln(pa) - 1 - 5p0
0o+ D)(fo—1) 5

" 00(60 — ) In(fo)  Go —§

which is precisely the expression given in Section [5.2.1} On the other hand if ¢ is nonviral, then

0dG (o) P 1
I = 1 = € = .
(o) 1—-00Gi(o) 1--2 =11

We do not attempt to show that Condition [I] holds but it is evidently true from Figure [7]

F.3.2 Exponential Distribution

The generating function for this distribution is given by

ol = 1y
where = (1 — e ®)™1, and so ,
R T e

The extinction probability p, is therefore the solution of a cubic equation and is solvable by
radicals. It is easy to show that G (1) = 2(u — 1), and so subcritical influence (when p, = 1) is

given by
400 (p—1)
7 = .
w9 = T o= 1)
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It’s clear that this expression is increasing in both p and o, and moreover that o is viral if and

only if o > m We can also show that, quite remarkably, that
1 = ar 20(pu—1)
k11— =GP 1 —-0)=1 .
T Gall =+ o) 2 ML 7P g O (=) = G =

The extinction probability is the smallest solution in [0, 1] to the equation

1
p—(L—0o+ops)(n—1)

Po =
[
Using computational software (or otherwise), we find that when p, < 1, it is given by

_2+4o0(p—1) 44 o(p—1)

Po = 20’(,& — ].) 2 O-(M — 1)

Notice that the key parameter here is o(y — 1). In fact we can rewrite everything in terms of
p=20(p — 1) so that
_dtp VB8Ep

241 20

g

The expected forward degree is given by

Gih)y=2pn—-1)>1 < M>;-

Or in terms of «,

1 3
= 1 .
o=~ 3 & 0 <a<In(3)

So here, a = In(3) is the critical threshold for the emergence of the giant component, which we

can more conveniently state as ;1 = 1. Some work shows

2(up—1)o
(b= (=11 —-0+02))*

oGi(l—0+02)=

and substituting p, into this function gives

16
V= Da(/ii— Do + A+ (- Doy

UG/l(l — 0+ Upcf) =

Putting this all together and making the substitution § = 20(u — 1), we have (after some
algebraic manipulation)

0po _ 80 (F14)

L= 00Gi =0 t0p0)  /h((4+0)V0+ 03T 0+45(VI—V5T0))
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Next we calculate the expected forward degree conditional on exposure under a viral strategy.

We have ” 1)k )
(k) =17
1—0)=
N (e e

So

L B (u — 1)k B Lo ) o(p—1) -t
zk:k(l —pg)H {(1 Yolu— 1))k+1} = (I+o(p—1)2 Zk:k’(l — Py) |:1 tolu— 1)}

Uo 1 1
= — pO’
(I+o(p—1))?2 (1 __olw-1) )2 (1 B paa(u—1)>2
Tro(u-1) +o(u1)

= 4o [1 T Ui _p;)(1 —pg))2] '

Next, we have

1 1+0(1—po)(n—1) _1tol=py)(p—1)

1= Gol—0c+0p,) 1+o(l—pa)(n—1)—(1—0+0p,) po(1— po)

Putting everything together, we have

S k(1= ) HC (L—0)  140(1—po)(u—1) o |1 - Po
1—Go(1—0+o0p,) po (1= py) (1+o(p—1)1-p,))
_ (=0l =po)(n—=1)" = ps
(I=0(1=ps)(p—1)(1—po)
1420w -1 +o(p—1)1 - po)
L+o(p—1)(1—py)
20(p—1)
14+o(p—1)(1—ps)
20
2+4+0(1—p,)

=1+

=1+

Hence subtracting 1 for the neighbor in the giant component, the expected number of potential

adopting neighbors under an exponential degree distribution is simply %. Multiply-

1-po)
ing (F'14]) by Wg_’” gives the desired expression after some further simplification.
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